
4th Annual Acadia University Undergraduate Mathematics Competition
Time Limit: 2hrs

Instructions: More credit will be given for complete, fully justified solutions. No calculators or other aids
are allowed. Complete your rough work on the scrap paper provided and write your final solutions in the exam
booklet. Only the exam booklet is to be submitted. Have fun!!!

The next three problems are each worth 10 points

Problem 1
Suppose that a cube is inscribed in a sphere of radius one. What is the volume of the cube?

The limiting condition on the size of the cube is the diagonal. So, we need to know what sidelength

for the cube s will give a diagonal length of 2 (which is the diameter of the sphere). Since the

distance from the center to the corner is
√

3(s/2)2 =
√

3s/2, we need this to be one and so

√
3s/2 = 1 ⇒ s = 2/

√
3

and thus the volume of the cube is (
2√
3

)3

=
8

3
√

3
.

Problem 2
The numbers a, b, c are the digits of a three digit number and satisfy 49a+ 7b+ c = 286. What is the three digit
number (100a+ 10b+ c)?

This is basically a question about change of base for number system. The condition that 49a+
7b+c = 286 is saying that a, b, c are the digits in the base-7 expansion of 286. So, we can solve

this by a sequence of divisions by 7. We have

286 = 7× 40 + 6, 40 = 7× 5 + 5.

Thus we have 286 = (556)7 (that is, 286 = 5× 49 + 5× 7 + 6). Thus, the number is 556.

Problem 3
If A = (0,−10) and B = (2, 0), find the point(s) C on the parabola y = x2 which minimizes the area of triangle
ABC.

Probably the computationally simplest way to do this one is to use the fact that the determinant

of a matrix is the area of the parallelogram and thus twice the area of the triangle. So, we make

the two vectors ~u =
〈
x, x2

〉
− 〈2, 0〉 =

〈
x− 2, x2

〉
and ~v =

〈
x, x2

〉
− 〈0,−10〉 =

〈
x, x2 + 10

〉
. Then the

area of the triangle is

A(x) = (1/2)

∣∣∣∣det( x− 2 x
x2 x2 + 10

)∣∣∣∣ = |x2 − 5x+ 10|.

We see that this has no real roots, so that the minimum area will be positive. Taking the derivative

and setting it equal to zero we get

2x− 5 = 0 ⇒ x = 5/2,

and so the point is (5/2, 25/4).

The next four problems are each worth 15 points

Problem 4
Find a formula for the sum

−12 + 22 − 32 + 42 − 52 + · · ·+ (−1)nn2.



You must prove that your formula is correct.

Let Sn be the required sum.

Notice that if i is odd, then −i2 + (i+ 1)2 = i2 + 2i+ 1− i2 = 2i+ 1 = i+ (i+ 1). This means that

−12+22−32+42+· · ·−i2+(i+1)2+· · ·−n2+(n+1)2 = 1+2+3+4+· · ·+i+(i+1)+· · ·+n+(n+1) =
(n+ 1)(n+ 2)

2
,

if n is odd and so n+1 is even. So, what this means is that for even n (that is, n−1 is odd),

then Sn = n(n+ 1)/2.
For odd n, we have Sn = Sn−1 − n2 so we get

Sn =
(n− 1)n

2
− n2 =

n(n− 1)− 2n2

2
=
n(n− 1− 2n)

2
=
−n(n+ 1)

2
.

Putting this together, we get

Sn =

{
−n(n+1)

2 , if n is odd
n(n+1)

2 , if n is even.
=

(−1)nn(n+ 1)

2
.

Problem 5
Suppose that a new postman delivers the mail to each of the 6 houses on his route at random. If there is one
letter addressed to each house, how many ways are there for him to deliver the letters such that he gets none
right?

Problem 6
Take an n > 1. Show that there is some positive integer N which is a multiple of n and so that all the decimal
digits of N are either 0 or 1.

First suppose that gcd(n, 10) = 1. In this case, there is some k so that 10k = 1 mod n. Then

10ik = 1 mod n for i = 1, 2, . . . , n and thus

10k + 102k + 103k + · · ·+ 10nk = n = 0 mod n

and thus n divides 10k + 102k + · · ·+ 10nk.
If gcd(n, 10) 6= 1, then let n = m` where gcd(m, 10) = 1 and ` = 2a5b. Then with k such that

10k = 1 mod m we have that n will divide (10k + 102k + · · ·+ 10mk)10a+b.

Problem 7
Find all functions f : R→ R which satisfy (x− y) f(x+ y)− (x+ y) f(x− y) = 4xy(x2 − y2).

Setting a = x− y and b = x+ y we see that x = (a+ b)/2 and y = (b− a)/2 and so the condition

is

af(b)− bf(a) = ab(b2 − a2) = ab3 − ba3,

which suggests that f(x) = x3 will work. Let a = 1 and b be arbitrary. Then we have

f(b)− bf(1) = b(b2 − 1) = b3 − b ⇒ f(b) = b3 − b+ bf(1).

This means that any function of the form f(x) = x3−x+cx should work (perhaps with some conditions

on c). Checking, we have

af(b)− bf(a) = a(b3 − b+ cb)− b(a3 − a+ ca) = ab3 − ab+ cab− ba3 + ba− cba = ab3 − ba3 = ab(b2 − a2),

as we desired. Thus we can choose any c so the general function is of the form

f(x) = x3 − x+ cx, for any c ∈ R.



The next three problems are each worth 20 points

Problem 8
Suppose that a 6×6 square grid of squares is tiled by 1×2 rectangles (dominoes). Show that you can decompose
the square grid into two rectangles, each of which is tiled by a disjoint subset of the dominoes.

Problem 9
Let A be a 3 × 3 matrix with real entries. Suppose that the sum of any row, column or of either of the two
diagonals are all equal. Show that the same is true for A−1 (but perhaps with a different constant than for A).

The condition on the rows and columns of A mean that A~v = c~v and AT~v = c~v where ~v = (1, 1, 1)T .
But then

A~v = c~v ⇔ (1/c)~v = A−1~v and AT~v = c~v ⇔ (1/c)~v = A−T~v,

and so A−1 also satisfies the row and column sum conditions. The diagonal conditions are a bit

different!

Problem 10
Let ~u ∈ R3 have unit length. Define the function P by P (~x) = ~u× ~x for any ~x ∈ R3. Notice that P : R3 → R3 is
linear.

1. Describe the action of the linear function I + P 2.

The ‘‘slick’’ way of doing it is to use the formula for the triple cross product, which is

~u× (~v × ~w) = ~v(~u · ~w)− ~w(~u · ~v). In our context,

P 2~x = ~u× (~u× ~x) = ~u(~u · ~x)− ~x(~u · ~u) = ~u(~u · ~x)− ~x,

which is the negative of the component of ~x in the direction perpendicular to ~u (as ‖~u‖ =
1 we know ~x · ~u is the component of ~x in the direction of ~u). This means that (I +P 2)~x is

the component of ~x in the direction of ~u.

Without knowing the formula for the triple cross product it is still possible to do this.

We notice that ~v = ~u × ~x is perpendicular to both ~u and ~x, so perpendicular to the plane

spanned by them, call it P. But then ~u×~v is perpendicular to ~v, so must be on P and also

must be perpendicular to ~u. Thus, ~u×(~u×~x) is in P but perpendicular to ~u, so points in

one of the perpendicular directions of ~x to ~u. If we check the right-hand-rule we see that

it points in the opposite direction of the component of ~x in the perpendicular direction to

~u on the plane P.

Now ‖~u×(~u×~x)‖ = ‖~u×~x‖ = ‖~x‖ sin(θ), where θ is the angle between ~u and ~x. All this means

that P 2~x is perpendicular to ~u and ~x+ P 2~x is the projection of ~x in the direction of ~u.

2. Describe the action of the linear function I + (sin(θ))P + (1− cos(θ))P 2.

Let α be the angle between ~x and ~u. Then we see that (I+P 2)~x = ‖~x‖ cos(α)~u and −P 2~x = ‖~x‖ sin(α)~u⊥,
where ~u⊥ is the perpendicular direction to ~u in the plane P. Another way of saying this is that

~u⊥ is a unit vector in the direction of ~u× (~u× ~x).
Further, if we use ~u⊥⊥ to signify unit vector in the direction of ~u×~x, then we have P~x =

‖~x‖ sin(α)~u⊥⊥. Thus,

(I + sin(θ)P + (1− cos(θ))P 2)~x = (I + P 2)~x+ sin(θ)P~x+ cos(θ)(−P 2)~x
= ‖~x‖ cos(α)~u+ ‖~x‖ sin(α) cos(θ)~u⊥ + ‖~x‖ sin(α) cos(θ)~u⊥⊥,

and this is an orthogonal decomposition (the vectors ~u, ~u⊥, ~u⊥⊥ are all mutually orthogonal). Call

the resulting vector ~w. Then we see

‖~w‖ = ‖~x‖
(
cos2(α) + sin2(α) sin2(θ) + sin2(α) cos2(θ)

)1/2
= ‖~x‖,

so I+(sin(θ))P+(1−cos(θ))P 2 is a linear function which preserves distances. This suggests that

it might be a rotation. In fact, it is a rotation by an angle of θ around the axis given by ~u.


