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Abstract

The Monge-Kantorovich distance gives a metric between probability
distributions on a metric space X and the MK distance is tied to the
underlying metric on X. The MK distance (or a closely related metric)
has been used in many areas of image comparison and retrieval and thus
it is of significant interest to compute it efficiently. In the context of
finite discrete measures on a graph, we give a linear time algorithm for
trees and reduce the case of a general graph to that of a tree. Next we
give a linear time algorithm which computes an approximation to the MK
distance between two finite discrete distributions on any graph. Finally,
we extend our results to continuous distributions on graphs and give some
very general theoretical results in this context.

1 Introduction

The Monge-Kantorovich Distance is a metric between two probability measures
on a metric space X. The MK distance is linked to the underlying metric on X
and is related to a mass transportation problem defined by the two distributions.
In this paper, we consider this distance when the metric space is the underlying
space of a finite connected graph, in which case the MK distance yields the
weak-* topology.

Given two probability measures µ, ν on the compact metric space X we
define the MK distance to be

dMK(µ, ν) = sup{
∫
X

f(x) d(µ− ν)(x) : f ∈ Lip1(X)} (1)

where Lip(X) is the collection of real-valued Lipschitz functions on X and
Lip1(X) is the subset of Lip(X) with Lipschitz constant 1.

The MK distance has its origins in the mathematical theory of mass trans-
portation. In 1781 Monge first proposed the mathematical problem of optimizing
the cost of moving a pile of soil from a given starting configuration to a given
ending configuration. In his original formulation the problem was highly nonlin-
ear, thus extremely difficult. In 1942 Kantorovich introduced (independently of
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Monge) another “relaxed” version of this problem. Kantorovich’s formulation is
a linear optimization problem over a convex set – this simplification was a rev-
olutionary step. Since that time, variations of the mass transportation problem
have found application in numerous areas (see for example [12, 6]).

The MK distance (given above in (1)) arises from a dual formulation of the
Kantorovich-Rubinstein problem (another variation of the general mass trans-
portation problem). It turns out that in the case that the cost function is a
metric, the Kantorovich-Rubenstien and Monge-Kantorovich formulations coin-
cide (see [12]).

We first became interested in the MK distance as a result of its use in the
theory of invariant measures for IFS (where it was called the Hutchinson metric
– see [2]). In the context of inverse problems in IFS (see [7]) the MK distance
is used as a “fitness function” for an optimization procedure. Another area
of application for the MK distance is using the MK distance between color
histograms as part of a measure of similarity between two images (see [6]). In
this context, the MK distance is related to the Earth Mover’s Distance [13, 10,
14] which has been popular as a general method of computing a distance between
histogram descriptors in the context of image matching and image retrieval. In
all these application areas, the ability to efficiently compute the MK distance
between discrete probability distributions is of critical importance.

There has been previous work on efficiently computing the MK distance (or
related transport-based distances) (for example, see [1, 4, 5, 6, 9, 10, 14]). Our
approach is significantly different from any of these but relates most closely to
the results in [1, 4, 6]. For instance, [9] derives (again) the exact algorithm for a
1D distribution and then uses this algorithm, along with space-filling curves, to
obtain an approximation in the multidimensional setting. On the other hand,
[14] uses a wavelet-based approach to compute an approximation to the MK for
distributions in Rn while [10] assumes an `1 “taxi-cab” ground distance on a
graph which is a regular grid to derive their tree-based algorithm.

This paper has three separate but related parts. In Section 2 we give an ef-
ficient linear-time algorithm for the exact MK distance on finite trees and then
reduce the problem of of the computation on a general graph to the case of a
tree. In Section 3 we give an efficient linear-time method which computes an
approximation to the MK distance on any finite graph. In addition, we derive
bounds on the quality of the approximation. We comment that for many ap-
plications computing the exact MK distance is unnecessary and so this approx-
imation is sufficient. Finally, in Section 4 we extend the discussion of Section
2 to computing the MK distance between continuous distributions on graphs
and (slight) generalizations. This final section is intended more to provide a
theoretical context than as a suggestion of practical algorithms for applications.

2 Monge-Kantorovich metric on finite point sets

In most practical applications, the metric space will be a finite collection of
N points. We model this situation as the points being the vertices of a graph
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G = (V, E). The Lipschitz condition in (1) can be expressed in terms of the
incidence matrix A of the graph. For example, given the graph G illustrated in
Figure 1, we have the following incidence matrix (where we orient each edge in
any arbitrary direction)

A =



−1 1 0 0 0 0
0 −1 1 0 0 0
0 0 −1 1 0 0
0 0 0 −1 1 0
1 0 0 0 −1 0
−1 0 0 0 0 1
0 0 −1 0 0 1


.

Notice that A : VG → EG (mapping from the vertex-space of G to the edge-space
of G). If f is a real-valued function on the vertices of G, the Lipschitz condition
on G becomes ‖Af‖∞ ≤ 1. Thus, for two probability distributions π and χ on
the vertices of G, the MK distance between them is

dMK(π, χ) = sup{fT (π − χ) : ‖Af‖∞ ≤ 1}. (2)

Figure 1: Example graph

In case the distances between adjacent points are not all the same, we have
a weighted graph. Continuing with the previous example, suppose the distances
along the “outer” cycle are all 2 while those along the two “inner” edges are
3. We then use a diagonal “distance matrix” D, indexed by the set of edges E ,
which gives the weighted incidence matrix

D−1A =



−1/2 1/2 0 0 0 0
0 −1/2 1/2 0 0 0
0 0 −1/2 1/2 0 0
0 0 0 −1/2 1/2 0

1/2 0 0 0 −1/2 0
−1/3 0 0 0 0 1/3

0 0 −1/3 0 0 1/3


and on this graph the Lipschitz condition becomes ‖D−1Af‖∞ ≤ 1.
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Let 1 = (1, 1, 1, . . . , 1)T ∈ RN and 1⊥ = {z ∈ RN : zT1 = 0} be the space
of zero-sum vectors in RN . The proof of the following is simple (for the first
part, notice that A acts as a discrete derivative on vertex functions):

Proposition 1. Let G be a graph on N points, D be its distance matrix and A
its incidence matrix (as above). Then

1. ker(A) = {λ1 : λ ∈ R} and so rank(A) = N− 1, and

2. ‖x‖MK := sup{fTx : ‖D−1Af‖∞ ≤ 1} defines a norm on 1⊥.

2.1 Graphs which are trees

In the case where the finite point set T has the structure of a connected tree,
we can easily obtain a linear time algorithm to compute the MK distance on T .

If T is a tree then the number of edges of T is one less than the number
of vertices of T . Thus, A has full row rank and so there is a matrix B with
AB = I (identity on EG) and BA|1⊥ = I1⊥ . This means that the MK distance
is

sup{fT (π − χ) : ‖D−1Af‖∞ ≤ 1} = sup{fT (π − χ) : ‖D−1Af‖∞ ≤ 1, f ∈ 1⊥}
= sup{(BDg)T (π − χ) : ‖g‖∞ ≤ 1}
= ‖DBT (π − χ)‖1.

(3)

In this, it is important that π−χ ∈ 1⊥ = ker(A)⊥. To make (4) useful, we need
to have an explicit expression for B given the tree T .

To motivate the general situation, take the example of a tree T as shown in
Figure 2 with the “top” node chosen as the root. Using a natural labeling of
the vertices, we obtain the incidence matrix

A =



−1 1 0 0 0 0 0 0
0 −1 1 0 0 0 0 0
0 0 −1 1 0 0 0 0
0 0 −1 0 1 0 0 0
0 0 0 −1 0 1 0 0
0 0 0 −1 0 0 1 0
0 0 0 0 −1 0 0 1


(notice we have oriented the edges to be going away from the root) and a right
inverse

B =



0 0 0 0 0 0 0
1 0 0 0 0 0 0
1 1 0 0 0 0 0
1 1 1 0 0 0 0
1 1 0 1 0 0 0
1 1 1 0 1 0 0
1 1 1 0 0 1 0
1 1 0 1 0 0 1


.
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If we think of A as a discrete derivative, then B is a discrete definite integral on
T , “accumulating” function values on the edges as we move away from the root
node (with the value at the root equal to zero). The statement that AB = I
is simply one version of the Fundamental Theorem of Calculus on T . On the
other hand, the matrix BT represents a cumulative sum starting from a given
vertex and moving away from the root – all the values from the vertex onwards,
so to speak. This is clear by examining B given above and comparing it to the
picture of T in Figure 2.

Figure 2: Example of a finite tree

Thus on T from Figure 2 we have dMK(π, χ) = ‖BT (π−χ)‖1, which is easy
to program since we simply accumulate values. The situation for a general tree
is much the same.

Theorem 1. Let T = (V, E) be a tree with edge distances {de}e∈E and with a
node r chosen as the root. Relate the vertices to the edges by saying e ≤ v if
you must traverse e in order to reach v from the root r. Let π and χ be two
probability distributions on the vertices of T . Then the MK distance between π
and χ on T is equal to

dMK(π, χ) =
∑
e∈E

de

∣∣∣∣∣∣
∑

v∈V,v>e
π(v)− χ(v)

∣∣∣∣∣∣ . (4)

Proof. We show that (4) is the appropriate version of ‖DBT (π − χ)‖1 for the
tree T . It is routine to check that AB = IVT with

(Af)(−−→v1v2) =
f(v2)− f(v1)

d−−→v1v2
and (Bg)(v) =

∑
e∈E,e≤v

deg(e),

where f ∈ VT is a function on the vertices and g ∈ ET is a function on the
edges. Then we compute BT by noting that

f · (Bg) =
∑
v∈V

f(v)

 ∑
e∈E,e≤v

deg(e)

 =
∑
e∈E

(
de
∑
v>e

f(v)

)
g(e) = (BT f) · g.

Clearly we can compute (4) by using a depth-first traversal of T .
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Computations for general graphs

If G is not a tree, we can still say something about computing the MK distance
on G. In fact, we can express the MK distance on G in terms of the MK distance
on a tree T related to G.

To motivate the general case, we will first discuss the case of computing the
MK distance on a cycle on N points. This case has been previously studied in
the very nice paper [5], where the authors give a linear time algorithm based in
the formula

min
1≤s≤N

N∑
k

dk|αk − αs| with αk =

k∑
i=1

πi − χi.

Here αk is the difference of the cumulative distributions of the two probability
distributions and dk is the kth edge distance. In case the points are equally
spaced, the formula simplifies considerably and becomes

N∑
k=1

|αk − αs|

where αs is the median of the values αk. In the weighted case, the optimal αs
is the weighted median of the values αk.

Now a key observation is that this can be viewed as a quotient norm. Con-
sider the graph which is a line on N + 1 points, call this graph L. We add a
point mass of weight β to π at the first point of L and add a corresponding
point mass (also of weight β) to χ at the last point (the extra point) of L. The
MK distance between these new π̂ and χ̂ on the graph L is

N∑
i=1

∣∣∣∣∣
i∑

k=1

(πi − χi)− β

∣∣∣∣∣
and so when we take the infimum over all possible values of β we get

inf
β

N∑
i=1

∣∣∣∣∣
i∑

k=1

(πi − χi)− β

∣∣∣∣∣ = inf
β

N∑
i=1

|αi − β| = inf
1≤s≤N

N∑
i=1

|αi − αs|

which is the formula from [5].
Thus the MK distance on the cycle is obtainable from the MK distance on

the line. What one does is add an extra vertex to the cycle and peel it apart to
obtain a line, L, with one more vertex. The cycle G is the quotient of L, where
the new point and the first point are identified. We then place a point mass on
one end of L and an offsetting point mass on the other end of L, compute the
MK distance on L and minimize over all possible point masses. The important
point is that these point masses are placed at the two points that are identified
so that on the quotient graph they cancel.

To see it as a quotient norm think of the edge space of the cycle as being
a subspace of the edge space of the line (that subspace where the value of the
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function on the first and last vertex are the same) and the set of probability
measures on the cycle as being a quotient of the set of probability measures on
the line (again, using the quotient map). Then the MK norm on the appropriate
set of measures on the cycle is exactly the quotient of the MK norm on the
appropriate set of measures on the line.

Recall that if Y is a closed subspace of a normed space X, then the norm on
X/Y induced by the norm on X is

‖[x]‖ = inf
[y]=[x]

‖y‖ = inf
y∈Y
‖x+ y‖ = inf

q(z)=x
‖z‖ (5)

for each equivalence class [x] ∈ X/Y, where q : X → X/Y is the quotient map.
By general duality theory, this is also equal to

‖[x]‖ = sup{z · x : z ∈ X′, z ∈ Y⊥, ‖z‖ ≤ 1}. (6)

The condition z ∈ Y⊥ is because (X/Y)′ ∼= Y⊥.

Definition 1 (graph quotient map). A map q : H → G between two graphs
is a quotient map if it is surjective onto the vertices of G and, for all adjacent
vertices x, y ∈ H, we have that either q(x) = q(y) or q(x), q(y) are also adjacent.

We denote the space of signed measures on the vertices of a graph G with
total mass zero by M(G). A quotient q : H → G induces a linear map q∗ :
M(H) → M(G) via q∗(m)(A) = m(q−1(A)). It also induces linear maps q∗ :
EG → EH and q∗ : VG → VH via q∗(f)(x) = f(q(x)).

Theorem 2. Let q : H → G be a quotient map and suppose that for any two
adjacent vertices x, y ∈ H with q(x) 6= q(y) we have the (distance preserving)
property

dH−→xy = dG−−−−−→
q(x)q(y)

. (7)

Then for any x ∈M(G),

sup{g · x : ‖D−1G AGg‖∞ ≤ 1} = inf
q∗(y)=x

sup{h · y : ‖D−1H AHh‖∞ ≤ 1}. (8)

Proof. The identity (8) gives the MK distance on G as a quotient norm of the
MK distance on H and this is the method of proving the identity. We first note
that any γ ∈ q−1∗ (0) ⊆M(H) has total mass 0 and is supported on the vertices
of H that are identified under q. Furthermore, q−1∗ (0) = q∗(VG)⊥ ⊆M(H) since
q∗(VG) ⊂ VH is the set of functions constant on each q−1(v), v ∈ VG .

In addition, condition (7) implies that

g(q(y))− g(q(x))

dG−−−−−→
q(x)q(y)

=
g(q(y))− g(q(x))

dH−→xy

and so the following diagram commutes
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VH

VG

EH

EG

q∗ q∗

D−1
G AG

D−1
H AH

Thus,

inf
q∗(y)=x

sup{h · y : ‖D−1H AHh‖∞ ≤ 1} =

inf
q∗(z)=0

sup{h · (z + w) : ‖D−1H AHh‖∞ ≤ 1}, (9)

where w ∈M(H) is any fixed element such that q∗(w) = x. The last expression
in (9) is a quotient norm on the space M(H)/q−1∗ (0) and so is equal to

sup{h · w : ‖D−1H AHh‖∞ ≤ 1, h ∈ q−1∗ (0)⊥}
= sup{h · w : ‖D−1H AHh‖∞ ≤ 1, h ∈ q∗(VG)}
= sup{(g ◦ q) · w : ‖D−1G AGg‖∞ ≤ 1}
= sup{g · x : ‖D−1G AGg‖∞ ≤ 1}.

The last two equalities are justified by the commutativity of the above diagram.

Clearly any graph G is the quotient of a tree T . To construct such a quotient,
start with a spanning tree S for G and extend S to T by adding vertices for
each edge of G which is not in S. These “extra” vertices will “disappear” in the
quotient q : T → G. For each such vertex we choose one of the endpoints of the
corresponding edge (in G) and connect the new vertex to this endpoint; thus T
has the same number of edges as G. Each edge of T is given the same length
(distance value) as the corresponding edge in G in order to ensure that (7) is
satisfied.

The quotient q is defined to be the identity on each vertex of S ⊂ T and maps
each “extra” vertex to the other endpoint of the corresponding edge (from G) –
the endpoint to which it is not already connected in S. Using this construction,
we obtain the following corollary to the theorem.

Corollary 1. Let G be a graph and T and q : T → G be constructed as above.
Then the MK distance between two probability measures π, χ on the vertices of
G is equal to

inf
β∈q−1

∗ (0)

∑
e∈ET

de

∣∣∣∣∣∣
∑

v∈VT ,v>e
π̂(v)− χ̂(v) + β(v)

∣∣∣∣∣∣ , (10)

for any fixed elements π̂ ∈ q−1∗ (π) and χ̂ ∈ q−1∗ (χ).
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As a simple example, Figure 3 shows the original graph G, then the spanning
tree S and then the “extended” tree T . Notice how only vertices get identified
in the quotient; all the edges of G are present in the tree T . This means that
the number of “extra” vertices we must add is equal to |EG | − |VG | + 1, which
is the number of “independent loops” in G (or the number of generators of the
first level homology of G).

Figure 3: Example of a graph as a quotient of a tree

3 Approximation using the pseudo-inverse A†

The computation in (4) depends on the fact that the incidence matrix A has
a right inverse when G is a tree. For a connected graph, this is the only time
when A has full row rank and thus the only time it has a right inverse. In [6],
the authors suggested using an approximate inverse to obtain an approximation
to the MK distance. In this section we give a brief discussion of this idea and
give a refinement of their error bound.

We first define a generalization of the MK-norm on 1⊥ for the graph G.

Definition 2. Let 1 ≤ p ≤ ∞. Define the norm ‖ · ‖H,p on 1⊥ by

‖x‖H,p = sup{fTx : ‖D−1Af‖p ≤ 1}. (11)

For 1 ≤ p ≤ q ≤ ∞ we have ‖y‖p ≥ ‖y‖q and thus ‖x‖H,p ≤ ‖x‖H,q.
Given a matrix A, we denote by A† the pseudo-inverse (or Moore-Penrose

pseudo-inverse) of A [3].. The following is a simple extension of a result men-
tioned in [6].

Proposition 2. For any x ∈ 1⊥ we have that

‖x‖H,p ≤ ‖(A†D)Tx‖q ≤ ‖D−1AA†Dα‖p ‖x‖H,p (12)

for any α ∈ {z : ‖z‖p ≤ 1, zT (A†D)Tx = ‖(A†D)Tx‖q}. In particular, for the
special case of p = 2, we have

‖x‖H,2 = ‖(A†D)Tx‖2.
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Proof.

‖x‖H,p = sup{fTx : ‖D−1Af‖p ≤ 1} = sup{fTx : f ∈ 1⊥, ‖D−1Af‖p ≤ 1}
= sup{(A†Dg)Tx : ‖g‖p ≤ 1, g ∈ Range(D−1A)}
≤ sup{(A†Dg)Tx : ‖g‖p ≤ 1} = ‖(A†D)Tx‖q,

which shows the first inequality. Now, let z = D−1AA†Dα. Then z ∈ Range(D−1A),
‖z‖p = ‖D−1AA†Dα‖p and

A†Dz = A†AA†Dα = A†Dα ⇒ (A†Dz)Tx = (A†Dα)Tx = ‖(A†D)Tx‖q.

Thus,

‖(A†D)Tx‖q = sup{(A†Dg)Tx : ‖g‖p ≤ 1}
≤ sup{(A†Dz)Tx : z ∈ Range(D−1A), ‖z‖p ≤ ‖D−1AA†Dα‖p}
≤ ‖D−1AA†Dα‖p sup{(A†Dz)Tx : z ∈ Range(D−1A), ‖z‖p ≤ 1}
= ‖D−1AA†Dα‖p ‖x‖H,p.

The second conclusion follows by the definition of A† since D−1AA†D is an
orthogonal projection onto the range of D−1A.

A trivial corollary of this result is

‖x‖H,p ≤ ‖(A†D)x‖q ≤ ‖D−1AA†D‖p ‖x‖H,p. (13)

For a given x ∈ 1⊥, the estimate (12) is almost always tighter than that given
in (13). Since ‖x‖∞ ≤ ‖x‖2 ≤

√
N‖x‖∞ we have also the (extremely weak but

uniform) bound ‖D−1AA†D‖∞ ≤
√
N .

Example 1 (The cycle on N points). Let G be a cycle on N equally spaced
vertices. In this case we calculate that AA† = I − 1

NO, where O is the N ×
N matrix of all ones. Thus, for example ‖AA†‖∞ = 2 − 2/N = ‖AA†‖1.
Additionally we see that Range(A) = 1⊥.

Now if α is as in the proposition for p =∞, then αi = ±1 is the sign of the
ith component of (A†)Tx and

‖AA†α‖∞ = 1 +
1

N

∣∣∣∣∣∑
i

αi

∣∣∣∣∣ . (14)

Notice that at least one component of α must be positive and at least one
negative since all the vectors in the range of A have zero sum. We guess that
we will see all of the allowed sign patterns of (A†)Tx equally likely and thus
|
∑
i αi| ranges from 0 to N − 2.
Simulation shows, however, that the upper bound given in (14) is too pes-

simistic for large N . The simulation was accomplished by drawing π1, π2 as two
uniformly random N -point probability distributions and setting x = π1 − π2.
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Then all three of ‖x‖H,∞, ‖(A†)Tx‖1 and ‖AA†α‖∞ were computed. As N
increased, the average of the ratio

‖(A†)Tx‖1
‖x‖H,∞

seemed to decrease with a limit of one. This indicates that for large N “most”
of the time ‖(A†)Tx‖ is a very good estimate for ‖x‖H,∞ and much better than
(14) would indicate.

If we have a distance matrix D, then

‖D−1AA†D‖∞ =
1

N minj dj

∑
i

di−
1

N
and ‖D−1AA†D‖1 =

maxi di
N

∑
j

1

dj
− 1

N
.

The expression for ‖D−1AA†Dα‖∞ is not particularly illuminating and so we
do not give it. ��

Remark 1. The above arguments use the fact that AA† is a projection onto
range(A) but it is not necessary that it be an orthogonal projection. Perhaps
another “inverse” to A would be provide a tighter bound for ‖D−1AA†D‖p?

4 Continuous distributions

In this section we briefly outline some extensions of our results to the case of
continuous (as opposed to discrete) distributions.

4.1 Dendrites

Our aim is to extend the discussion in section 2.1 to the continuous setting. We
only consider compact spaces, and so we specialize our definitions to this case
(see [11, Chapter 10]).

Definition 3 (dendrite). A dendrite is a compact, connected, locally connected
metric space which contains no simple closed curves.

Let T be a dendrite. Then T can be decomposed into a set of endpoints
E and a countable set of arcs {Ci} and these arcs only meet at branch points;
unlike for trees, the order of a branch point can be infinite. We choose one
branch point r ∈ T to be the root of the tree. Any two points x, y ∈ T are
connected by a unique path and we say that x ≤ y if x lies on the path from
r to y. Dendrites are models for the underlying topological space of an infinite
tree when this space is compact.

We need to assume recifiability in order to have an arclength measure for a
Fundamental Theorem of Calculus. For a path σ : [0, 1]→ T , the length of the
path is defined (as usual) to be

`(σ) := sup
∑
i

d(σ(ti), σ(ti+1)) (15)
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where the supremum is over all finite partitions 0 = t0 < t1 < t2 < . . . < tn = 1
of [0, 1].

We assume that for any two x, y ∈ T the length of the arc between them is
equal to the distance between them, i.e. that T is a length space. Since each
arc Ci is homeomorphic to [0, 1], at all non-branch points there is a well-defined
arclength measure λ. For simplicity we assume that λ(T ) < ∞. We comment
that f ∈ Lip1(T ) if and only if |f ′(x)| ≤ 1 for λ-almost all points x.

With this setup, we have the following formula for the MK distance on T .
It is exactly what one would expect as the continuous analogue of Theorem 1.

Theorem 3. Let µ and ν be two probability measures on T . Then the MK
distance between µ and ν is given by∫

T
|Fη(x)| dλ(x) (16)

where η = µ− ν, λ is length measure along T and Fη(x) = η({y : y > x}).

Proof. Let f : T → R have Lipschitz factor 1. Then f is differentiable almost
everywhere (with respect to λ) and |f ′(t)| ≤ 1. Let g = f ′ where it exists and
0 elsewhere. Define

B = {(x, y) ∈ T × T : x < y}

and h(x, y) = g(x) a function on B. Finally, define ρ = λ⊗ η on T × T . Then
the integral ∫ ∫

B

h(x, y) dρ(x, y) (17)

is equal to (by Fubini’s Theorem)∫
T
g(x)η({y : y > x}) dλ(x) =

∫
T
g(x)

(∫
y>x

dη(y)

)
dλ(x) =

∫ ∫
B

h(x, y) dη(y) dλ(x).

However, (17) is also equal to (integrating in the other order)∫
y∈T

∫
x<y

h(x, y) dλ(x) dη(y) =

∫
y∈T

(∫
x<y

g(x) dλ(x)

)
dη(y) =

∫
y∈T

f(y) dη(y).

Here we have assumed that the value of f at the root is zero. This does not
matter since η(T ) = 0, and so we can add an arbitrary constant f in the integral∫

y∈T
f(y) dη(y)

and not change the value. Therefore, we obtain that∫
f(x) dη(x) =

∫
f ′(x)Fη(x) dλ(x) (18)
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for all f with Lipschitz factor one. Now the supremum of the right hand side of
(18) over all Lipschitz f is simply the 1-norm of the function Fη. Thus the MK
distance is equal to ∫

T
|Fη(x)| dλ(x)

as desired.

Comparing this result with the version for discrete distributions on the
vertices trees we see that the matrix B computes the “distribution function”
η({y : y ≤ x}) while BT computes the “complementary distribution function”
Fη(x) = η({y : y > x}).

4.2 Quotients of dendrites

First we have the following abstract generalization of Theorem 2.

Theorem 4. Let q : X→ Y be a quotient map between compact metric spaces.
Suppose that q∗(C(Y))

⋂
Lip1(X) = q∗(Lip1(Y)). Then for any two probability

measures π, χ on Y we have that

dYMK(π, χ) = inf{dXMK(π̂, χ̂) : q∗(π̂) = π, q∗(χ̂) = χ}. (19)

Proof. We see that

inf
η∈q−1
∗ (π−χ)

sup{
∫
X
f(x) dη(x) : f ∈ Lip1(X)}

= inf
η∈q−1
∗ (0)

sup{
∫
X
f(x) d(θ + η) : f ∈ Lip1(X)} (20)

= sup{
∫
X
h(x) dθ(x) : h ∈ Lip1(X) ∩ q∗(C(Y))} (21)

= sup{
∫
X
h(x) dθ(x) : h ∈ q∗(Lip1(Y))} (22)

= sup{
∫
X
g(q(x)) dθ(x) : g ∈ Lip1(Y)} (23)

= sup{
∫
Y
g(y) d(π − χ)(y) : g ∈ Lip1(Y)}. (24)

Here θ ∈ M(X) is some fixed element in q−1∗ (π − χ). The equality of (20) and
(21) is by general properties of quotient norms and duality (equations (5) and
(6)). The equality of (21) and (22) is by our assumption on q. The equality of
(22) and (23) is by the definition of q∗. Finally, the equality of (23) and (24) is
by a change-of-measure and the fact that q∗(θ) = π − χ.

The condition on the quotient map q expresses the fact that q somehow
preserves the Lipschitz classes in mapping from X to Y (notice that this is the
same condition in Theorem 2). We point out that if q is non-expanding then

13



q∗(Lip1(Y)) ⊆ Lip1(X) ∩ q∗(C(Y)). However, the reverse condition need not
hold. To see this, consider X = [0, 2/5], Y = [0, 4/25] and q(x) = x2, so that q
is strictly contractive. Consider f : X→ R given by f(x) = x. Then clearly f ∈
Lip1(X). However, there is no g ∈ Lip(Y) so that x = f(x) = g(q(x)) = g(x2),
since the only solution to this is g(y) =

√
y which is not in Lip(Y).

The condition q∗(Lip1(Y)) = Lip1(X) ∩ q∗(C(Y)) is both necessary and
sufficient for the equality (21) to (22) to hold for all π, χ. To see this just notice
that both q∗(Lip1(Y)) and Lip1(X) ∩ q∗(C(Y)) are closed and convex and so if
they are not equal, the Hahn-Banach theorem would give a measure θ which
separates them. One then easily uses a scaled version of θ to obtain probability
measures π and χ for which the equality does not hold.

We conclude with a simple extension of Corollary 1. We leave the details
of the proof to the reader. For our current purposes we only need to identify
endpoints of the dendrite, and so the conditions on q are given in terms of this.

Proposition 3. Let T be a dendrite (as above) and q : T → X be a quotient
map which identifies only endpoints of T and is an isometry on all of the arcs
of T . Assume that the distance on X is given by the length of the shortest path.
Then q∗(Lip1(T )) = q∗(C(T )) ∩ Lip1(X) and so

dXMK(π, χ) = inf{dTMK(π̂, χ̂) : q∗(π̂) = π, q∗(χ̂) = χ}.
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