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Abstract

In studying the iteration of random functions, the usual situation is to
assume time-homogeneity of the process and some average contractivity
condition. In this paper we change both of these conditions by inves-
tigating the iteration of time-dependent random functions where all the
functions converge (as the iterations proceed) uniformly to the identity.
The behaviour of the iterates is remarkably different from the standard
contractive situation. In particular, we show that for affine maps in Rd the
“chaos game” trajectory converges almost surely. This is in stark contrast
to the usual situation where the trajectory moves ergodically throughout
the attractor.
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1 Introduction

Iterating random functions is a topic which has received a considerable amount
of recent attention [1, 5, 6, 8, 12, 13, 14, 15, 16]. One reason for this inter-
est is the fact that many Markov chains can be represented as an iteration of
random functions (see [8, 15]). Furthermore, asymptotic convergence results
along with convergence rates can often be obtained by viewing a process as a
random iteration. The survey “Iterated Random Functions” [5] contains a very
nice discussion of some general theory and many applications. There is also a
strongly related literature from the area of random dynamical systems (a nice
introduction is [10] and especially [9, Ch. 8] as a quick introduction to random
nonautonomous discrete-time dynamical systems).

One fruitful technique in the study of the iteration of random functions is
comparing the “forward iterates”

wnσn ◦ w
n−1
σn−1

◦ wn−2
σn−2

◦ · · · ◦ w2
σ2
◦ w1

σ1
(1)
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with the “reverse iterates”

w1
σ1
◦ w2

σ2
◦ w3

σ3
◦ · · · ◦ wn−1

σn−1
◦ wnσn . (2)

In the time-homogeneous case, the reverse and forward iterations lead to se-
quences of random variables with the same distribution. This can give simple
conditions for the existence of an equilibrium measure as the reverse iteration
often converges pathwise to a point which is independent of the starting distri-
bution (at least under an average contractivity condition).

In most of the previous work, it is assumed that the sequence of functions is a
time-homogeneous sample and convergence results usually depend on both this
assumption and some average contractivity assumption. While there has been
some consideration of time-dependent iteration, the iteration is assumed to be
asymptotically contractive as well (see [14]) and the results are more delicate.
In this paper, we consider the situation where the functions are time-varying
and all of them asymptotically converge uniformly to the identity, so are not
asymptotically contractive. Surprisingly this is a situation which seems to have
been overlooked in the IFS literature and the results we obtain are strikingly
different from the standard case of time-homogeneous contractive IFS.

A simple example motivated the study and illustrates our results quite well.
Take a decreasing positive sequence an → 0 with a1 < 1/2 and define the
sequence of (time-dependent) maps

wn0 (x) = (1− an)x, wn1 (x) = (1− an)x+ an. (3)

In addition, choose p0 ∈ [0, 1] and p1 = 1 − p0 to be fixed probabilities. Then
wni (x) → x as n → ∞ for i = 0, 1, each wni is contractive, wn0 (0) = 0, and
wn1 (1) = 1. However, the behaviour of both the forward and reverse iterates
is very different from that of a time-independent iteration and is completely
contingent on whether the series

∑
n an converges.

If
∑
n an < ∞, then the “chaos game” (the forward iterates) always con-

verges for any starting point and any sequence of choices of wn0 or wn1 . However,
the limit can depend on both the starting point and the sequence of maps which
was chosen. If

∑
n an =∞, the chaos game can also converge, but in this case

the limit is almost surely independent of the starting point (or distribution).
This is totally different from the classical case where the chaos game never
stabilizes. A special case of (3) is nice enough to be worth a mention.

Proposition 1. Let an = 1/(n + 1). Choose x0 ∈ [0, 1] and each σn ∈ {0, 1}
according to the probabilities p0, p1. Using these, define xn = wnσn(xn−1). Then
xn → p1 for all choices of x0 and almost all choices of σn.

Proof. First, we rewrite the two IFS maps as

wn0 (x) =
nx

n+ 1
, wn1 (x) =

nx+ 1

n+ 1
.

Consider a sequence of biased coin flips with Prob(tails) = p0 and Prob(heads) =
p1. If we let

yn =
number of heads in the first n flips

n
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we see that, given a flip of a tail on iteration n we have yn+1 = wn0 (yn) and
given a flip of a head on iteration n we have yn+1 = wn1 (yn). By the Law of
Large Numbers, yn → p1 with probability one. Thus, xn → p1 with probability
one as well.

In fact, as we will show in theorem 4, as long as
∑
n an = ∞ the forward

iterates of (3) always converge to p1 almost surely. Theorem 4 is an extension of
this idea to arbitrary affine functions in Rd and is the main result of this paper.

For the reverse iterations of (3), if
∑
n an <∞ then the “address map” (the

reverse iteration) converges to a limit which depends on the sequence of maps
and can depend on the choice of starting point. If

∑
n an =∞, then the reverse

iteration converges to a limit which depends on the sequence of maps but not
the starting point, thus defining an “address map” in the usual way.

2 Preliminaries

We use the language of iterated function systems (IFS) [7, 2, 11] and first review
some of the basic facts of this theory. An IFS on a metric space X is a finite
collection of contractive self-maps wi : X → X, i = 1, . . . , N ; let c < 1 be the
maximum of the contractivity factors. The attractor of the IFS {wi} is the
unique nonempty compact set A ⊆ X with

A =
⋃
i

wi(A). (4)

Let Σ = {1, 2, . . . , N} so that ΣN is the code space of all sequences from Σ and
Σn are those sequences of length n. We endow ΣN with the metric

d(σ, α) =
∑
n

|σn − αn|
(N + 1)n

.

This metric gives the product topology on ΣN (with the discrete topology on
each factor) and makes ΣN into a compact space. Define the truncation of
σ ∈ ΣN by σn = (σ1, σ2, . . . , σn) ∈ Σn.

The relation (4) can be iterated to get

A =
⋃
σ∈Σn

wσ1
◦ wσ2

◦ · · · ◦ wσn(A). (5)

Since wσ1
◦ wσ2

◦ · · · ◦ wσn ◦ wσn+1
(A) ⊆ wσ1

◦ wσ2
◦ · · · ◦ wσn(A) and also

diam(wσ1
◦ wσ2

◦ · · · ◦ wσn(A)) ≤ cndiam(A) it is sensible to take the limit of
(5) as n→∞. In fact, for a fixed σ ∈ ΣN, the limit

lim
n
wσ1
◦ wσ2

◦ · · · ◦ wσn(A) (6)

exists and defines the address map a : ΣN → X whose range is A. Notice the
order of composition in (6) is what we have called the reverse iteration.
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An iterated function system with probabilities (IFSP) is a collection of IFS
maps wi along with associated probabilities pi. Letting P(X) denote the space
of Borel probability measures on X, an IFSP induces a Markov operator M :
P(X)→ P(X) defined by

Mµ(B) =
∑
i

pi µ(w−1
i (B))

for an arbitrary Borel subset B ⊂ X. It is customary to metrize P(X) using the
Monge-Kantorovich metric, given by

dM (µ, ν) = sup

{∫
X
f(x) d(µ(x)− ν(x)) : |f(x)− f(y)| ≤ d(x, y)

}
.

It is well-known that this metric yields the topology of weak convergence of
measures and that P(X) is compact when X is compact (see [17, Chap 7] for
more on the Monge-Kantorovich metric). If ci is the contractivity factor of
wi, then M is Lipschitz on P(X) with factor

∑
i pici. Thus when the IFSP

is average contractive,
∑
i pici < 1, there is a unique invariant distribution µ

which satisfies
µ = Mµ =

∑
i

pi µ ◦ w−1
i .

In terms of integrals, this is∫
X
f(x) dMµ(x) =

∑
i

pi

∫
X
f(x) dµ(w−1

i (x)) =

∫
X

∑
i

pif(wi(y)) dµ(y).

The forward iteration of the maps wi are used in the so-called “chaos game”
which is a random walk on X defined as follows. First, we choose a starting point
x0 ∈ X in some way (deterministic or according to some initial distribution θ0).
Then we define xn+1 = wσn(xn), where σn ∈ {1, 2, . . . , N} is chosen according
to the fixed probabilities pi. In this case, we see that we have

xn = wσn ◦ wσn−1 ◦ · · · ◦ wσ2 ◦ wσ1(x0)

and so the trajectory is the result of a forward iteration. It is simple to see that
with probability one the sequence xn never stabilizes but continues to “dance
around.” However, the empirical occupation distribution, (1/n)

∑
i≤n δxi , does

converge weakly to the invariant measure µ (see any of [6, 8, 14, 15, 16]).
The chaos game is often seen as a means of generating an image of the

attractor of the IFS. When used for this purpose, the main property needed
from the sequence of maps is that it is disjunctive sequence (see [4]) and this
type of sequence can easily be generated in a completely deterministic fashion.
Even in the probabilistic setting, it is not necessary for the probabilities to be
fixed or for the mappings to be contractive in order to generate an image of the
attractor (see [3]).
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Our framework

We take as our basic model a sequence of self-maps wni : X → X for i =
1, 2, . . . , N and n ∈ N and defined on the compact metric space X. In addition,
we have a decreasing positive sequence an → 0 with a1 < 1/2. We assume the
following two conditions on these maps:

Condition A. There is a c > 0 so that for all x, y ∈ X and all n ∈ N we have

1. d(wni (x), wni (y)) ≤ (1− an)d(x, y)

2. d(x,wni (x)) ≤ can

The first condition is a contractivity condition, with the contraction factors
increasing to one as n increases. The second condition implies that wni (x)→ x
uniformly over X and i. It also implies that d(wni (x), wni (y)) ≥ d(x, y) − 2can
and so the contractivity of wni is also bounded from below.

We fix probabilities pi, i = 1, 2, . . . , N . Thus the maps themselves are
iteration-dependent but the probabilities are not and so we have a setting of a
probabilistic nonautonomous IFS. We remark that we could also (or instead)
allow the probabilities to vary with time (perhaps with the pi being the output
of some stochastic process), but we leave that for another study.

We denote by Mn the nth Markov operator defined as

Mnµ =

N∑
i=1

pi µ ◦ (wni )−1.

Since we will be considering the forward and reverse compositions many times,
for any σ ∈ Σn we use the notation

wσ = wnσn ◦ w
n−1
σn−1

◦ · · · ◦ w1
σ1

(7)

for the forward composition given by σ and

wσ̂ = w1
σ1 ◦ w2

σ2
◦ · · · ◦ wnσn (8)

for the reverse composition given by σ.

3 Forward iteration: the ‘chaos game’ and lim-
iting distributions

The forward iterations for our situation are just a slight modification of the
standard “chaos game” where we use the nth collection of maps {wni } at the
nth stage. That is, we choose a starting point x0 ∈ X in some way (deterministic
or according to some initial distribution θ0). Then we define xn+1 = wnσn(xn),
where σn ∈ {1, 2, . . . , N} is chosen according to the fixed probabilities pi. In
this case, we see that we have

xn = wnσn ◦ w
n−1
σn−1

◦ · · · ◦ w2
σ2
◦ w1

σ1
(x0) = wσn(x0).
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If we choose x0 according to θ0, we let Zn be the random variable representing
xn so that Zn is the forward process associated with these random functions.

The properties of the forward iterates depends whether the series
∑
n an is

summable or not and so we separate our discussion into these two cases.

The case where
∑

n an <∞
The next result tells us that in the case where

∑
n an <∞ we have that the chaos

game actually stabilizes. This represents a type of “freezing” of the random walk
and is completely different from the usual chaos game for contractive IFS where
the points continue to dance around forever. In addition, the forward iterates
induce a different type of “address map,” again totally unlike the standard
situation.

Proposition 2. Suppose that
∑
n an < ∞. Then for any x0 ∈ X and σ ∈ ΣN

the chaos game sequence {xn} associated with x0 and σ converges. The limit,
however, can depend on both σ and x0. In addition, the sequence of functions
wσn converges uniformly over ΣN×X to a continuous function ωσ. Finally, the
forward process Zn → Z converges almost surely.

Proof. By a simple induction using the second part of Condition A we have that

d(x,wiσi ◦ w
i+1
σi+1
◦ · · · ◦ wjσj (x)) ≤ c

j∑
k=i

ak

which gives for m > n

d(wσn(x), wσm(x)) ≤ c
m∑

i=n+1

ai.

Since
∑
n an < ∞, this can be made as small as desired and thus {xn} is a

Cauchy sequence and so converges.
To show uniform convergence of the functions wσn , notice that for any α, σ ∈

ΣN with αn = σn and for any m > n we have

d(wσm(x), wαm(x)) ≤ d(wσm(x), wσn(x)) + d(wαn(x), wαm(x)) ≤ 2c

m∑
i=n+1

ai.

As this estimate only depends on n,m we have uniform convergence.
Since Zn = wσn(Z0), the convergence of Zn follows immediately from the

convergence of wσn .

Continuing, define

Qn = Mn ◦Mn−1 ◦ · · ·M2 ◦M1(P(X))
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so that Qn is a sequence of compact convex subsets of P(X) which represent
all the possible distributions after n steps starting with an arbitrary initial
distribution. We also easily see that

diam(Qn) ≤
n∏
i=1

(1− ai).

and the sets Qn are not nested.

Proposition 3. The sequence of sets Qn converges in the Hausdorff distance
on P(X) to some compact convex set Q ⊆ P(X).

Proof. We can use the estimates from proposition 2 to show that for m > n we
have

dH(Qm,Qn) ≤
m∑

i=n+1

ai

which shows that the sequence of sets Qn is a Cauchy sequence in the Hausdorff
metric on the compact (so complete) space P(X).

We can think of the set Q as the set of all possible “limiting distributions”
for chaos games over all possible initial distributions θ0. In general this set
is not a singleton and so there are many such “limiting distributions.” For
example, in the simple example from the introduction with wn0 (x) = (1− an)x
and wn1 (x) = (1− an)x+ an we have that

diam(Q) =

∞∏
i=1

(1− ai) > 0

and so there are uncountably many such distributions.

The case where
∑

n an =∞
This is the case that most closely corresponds with the classical situation of the
“chaos game” for IFS. For example, we can easily see that

diam(wσn(X)) ≤ diam(X)

n∏
i=1

(1− an)→ 0

for any σ ∈ ΣN and thus asymptotically the forward trajectory does not de-
pend on the starting point; this is the usual situation for contractive functions.
However, completely unlike the classical “chaos game,” in our setting the for-
ward iteration actually can converge. We show this to be the case for any IFS
composed of affine maps in Rd.

Let Ai be invertible d× d matrices and define the sequence of maps

wni (x) = (I − anAi)x+ anAibi (9)
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so that bi is the fixed point of wni . We assume that there is some compact and
convex K ⊂ Rd with

⋃
i w

n
i (K) ⊆ K for all n. In the particular case that the Ai

are all non-negative matrices then K can be the convex hull of the fixed points
bi. Note that our invertibility assumption implies that each wni will satisfy
Condition A (slightly modified) for all large n and all x, y ∈ K:

1. There is some d > 0 so that ‖wni (x)− wni (y)‖ ≤ (1− dan)‖x− y‖.

2. There is some c > 0 so that ‖x− wni (x)‖ ≤ can.

In addition, we assume that
∑
i piAi is also invertible.

For an arbitrary starting point x0 ∈ K, define νn,x0
∈ P(X) as

νn,x0
= Mn ◦Mn−1 ◦ · · · ◦M1(δx0

) =
∑
σ∈Σn

pσ δwσ(x0),

so that νn,x0
is the empirical measure after n forward iterations. Equally,

νn,x0
(B) = Prob{Zn ∈ B}.

Recall that an is a decreasing sequence with
∑
n an =∞. Let Tn =

∑n
i=1 ai.

For θ ∈ P(X) we compute that

EMnθ(x) =

∫
xdMnθ =

∑
i

pi

∫
wi(x) dθ

=
∑
i

pi(I − anAi)
∫
x dθ +

∑
i

pianAibi

= (I − an
∑
i

piAi)Eθ(x) + an
∑
i

piAibi.

Denoting the invariant measure of Mn by µn, this means that

Eµn(x) = (
∑
i

piAi)
−1
∑
i

piAibi =: b,

note that this does not depend on n. Thus, letting

Φn(x) = (I − an
∑
i

piAi)x+ an
∑
i

piAibi,

we see that EMnθ(x) = Φn(Eθ(x)). Since the fixed point of Φn is b for all n, and
Φn is contractive with contractivity 1−dan, we see that an infinite composition
of a sequence of Φn’s will converge to b. This means that

Eνn,x0 (x)→ b

as n → ∞. That is, the expected values of a sequence of random variables
distributed like νn,x0

will converge to b no matter what starting point x0. In
particular, E(Zn)→ b. We prove that νn,x0 → δb for any starting point x0 and
thus Zn → b a.s. for all starting distributions θ0.
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To get a similar result for the second moment (and thus the variance), we
compute

EMnθ(x
Tx) =

∫
xTxdMnθ =

∑
i

pi

∫
wi(x)Twi(x) dθ

=
∑
i

pi

∫
[(I − anAi)x+ anAibi]

T [(I − anAi)x+ anAibi] dθ

=
∑
i

piEθ(‖(I − anAi)x‖2) + 2an
∑
i

pib
T
i A

T
i (I − anAi)Eθ(x)

+a2
n

∑
i

pi‖Aibi‖2.

However, then

EMnθ(x
Tx)− bT b =

∑
i

piEθ(‖(I − anAi)(x− b)‖2)

+ 2an
∑
i

pib
T (I − anAi)(Eθ(x)− b)

+ a2
n

∑
i

pi(‖Aibi‖2 − ‖Aib‖2). (10)

Now, by our assumptions on Ai, we know that
∑
i pi‖I − anAi‖ ≤ 1 and there

is a constant c1 > 0 so that∑
i

pi‖I − anAi‖2 ≤ (1− c1an)2.

In addition, let c2 = |
∑
i pi(‖Aibi‖2 − ‖Aib‖2)|. Then we have

|EMnθ(x
Tx)−bT b| ≤ (1−c1an)2|Eθ(xTx)−bT b|+2‖b‖an‖Yn−b‖+a2

nc2. (11)

Define ψn by

ψn(t) = (1− can)2t+ 2‖b‖an‖Yn − b‖+ a2
nc2.

Let θ ∈ P(X), θ1 = θ and θn+1 = Mnθn. Let Y1 = Eθ(x) and Yn+1 =
Φn(Yn), so that Yn = Eθn(x). Furthermore, let V1 = |Eθ(xTx)− bT b| and

Vn+1 = ψn(Vn)

so that |Eθn(xTx) − bT b| ≤ Vn. We estimate ‖Yn − b‖ and Vn. We begin with
an estimate of ‖Yn − b‖.

Lemma 1. We have

‖Yn − b‖ ≤ e−
∑n
i=1 ai = e−c3Tn

for some c3 > 0.

9



Proof. First, we see that the fixed point of Φn is b, so

‖Φn(t)− b‖ ≤ ‖I − an
∑
i

piAi‖‖t− b‖

for all t. By our assumptions,
∑
i piAi is invertible and thus there is a c3 > 0

so that ‖I − an
∑
i piAi‖ ≤ 1− c3an. Thus

‖Yn− b‖ ≤ (1− c3an)(1− c3an−1) · · · (1− c3a1)‖Y0− b‖ ≤ e−
∑n
j=1 c3aj = e−c3Tn

and we have the result.

Lemma 2. We have Vn → 0 as n→∞ and thus V ar(θn)→ 0 as n→∞.

Proof. First, we see from our previous discussion that

Vn+1 ≤ (1− c1an)2Vn + 2‖b‖an‖Yn − b‖+ a2
nc2.

Thus,

|Vn| ≤

(
n∏
i=1

(1− c1ai)

)2

V0 + 2‖b‖
n∑
i=1

 n∏
j=i+1

(1− c1aj)

2

aie
−c3Ti

+ c2

n∑
i=1

 n∏
j=i+1

(1− c1aj)

2

a2
i .

Now, (
n∏
i=1

(1− c1ai)

)2

≤ e−2c1Tn → 0

since Tn →∞.
Estimating the second quantity, we have

n∑
i=1

 n∏
j=i+1

(1− c1aj)

2

aie
−c3Ti ≤

n∑
i=1

aie
−2c1(Tn−Ti)e−c3Ti

= e−2c1Tn

n∑
i=1

aie
(2c1−c3)aie(2c1−c3)Ti−1

≤ c4e
−2c1Tn

n∑
i=1

∫ Ti

Ti−1

e(2c1−c3)xdx

= Ce−2c1Tn(e(2c1−c3)Tn − 1) ≤ Ce−c3Tn → 0.

To help understand these inequalities, notice that e(2c1−c3)an ≤ c4 := e2c1−c3 .
Further, for x ∈ [Ti−1, Ti] we have e(2c1−c3)Ti−1 ≤ e(2c1−c3)x and so

aie
(2c1−c3)Ti−1 ≤

∫ Ti

Ti−1

e(2c1−c3)xdx.

10



Finally, for the last term, in a similar way we estimate that

n∑
i=1

 n∏
j=i+1

(1− c1aj)

2

a2
i ≤ e−2c1Tn

n∑
i=1

a2
i e

2c1Ti

≤ e−2c1Tn

m∑
i=1

e2c1Ti + am+1e
−2c1Tn

n∑
i=m+1

aie
2c1Ti

≤ Ce−2c1Tn(e2c1Tm − 1) + am+1e
−2c1Tn

∫ Tn

Tm

e2c1xdx

= Ce−2c1(Tn−Tm) + Ĉam+1(1− e−2c1(Tn−Tm)),

where C, Ĉ > 0 are appropriate constants. Since an → 0, the second term
converges to 0. Similarly, the first term can be made arbitrarily small by setting
n = 2m and letting n→∞.

Thus Vn → 0 and so Eθn(xTx)→ bT b and so that V ar(θn)→ 0 as claimed.

Theorem 4. Suppose that
∑
n an =∞ and the maps wni are afffine as in (9).

Then for any starting point x0, we have νn,x0 converges to the point mass at
b := (

∑
i piAi)

−1
∑
i piAibi ∈ Rd. Thus for almost all σ ∈ ΣN we have Zn → b

a.s. independent of the starting distribution θ0.

Proof. This is a consequence of Lemma 1, Lemma 2 and Chebyshev’s inequality.

What makes affine maps wi special is that it is possible in this case to obtain
an explicit formula for EMnθ(x

Tx) in terms of Eθ(x
Tx) and Eθ(x).

Unfortunately, the forward process does not always converge as the following
simple example illustrates.

Example 1. Define two sequences of maps wni : [0, 1]→ [0, 1] by

wn0 (x) = (1− an)x and wn1 (x) = (1− bn)x+ bn.

Defining cn = p0an + p1bn, we see that the average contractivity is 1 − cn =
p0(1− an) + p1(1− bn). Assume that

∑
n cn =∞.

Letting µn be the invariant measure of the IFS with probabilities {wn0 , wn1 , p0, p1}
(that is, the fixed point of the Markov operator Mn), we can compute that

Eµn(x) =
p1bn

p0an + p1bn
=

p1
bn
an

p0 + p1
bn
an

.

In addition, EMnθ(x) = φn(Eθ(x)) with φ(t) = (1−cn)t+p1bn. Now, if an = 1/n
and bn/an = 1 + cos2(ln(ln(n))) and so oscillates very slowly, we will have
Eθn(x) ≈ Eµn(x) and so it will also oscillate. This means that asymptotically
the forward process Zn will almost surely oscillate and so not converge.

This example illustrates that, in general, assumptions on the maps wni in
addition to those in Condition A are necessary for convergence.
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4 Reverse iteration: the address map

Reversing the order of the compositions results in very different behaviour. The
simplest way to understand this difference is to notice that, for any σ ∈ ΣN, the
sequence of sets

Xσ̂n := w1
σ1
◦ w2

σ2
◦ · · · ◦ wnσn(X) = wσ̂n(X)

is nested (that is, X
σ̂n+1 ⊆ Xσ̂n) while those associated with the forward itera-

tion,
Xσn := wnσn ◦ w

n−1
σn−1

◦ · · · ◦ w1
σ1

(X)

are not. In the IFS literature this reverse iteration leads to the “address map”
a : ΣN → X, which is defined by the limit

a(σ) = lim
n
wσ̂n(x0). (12)

It is easy to show that if the maps in the IFS have contractivities uniformly
bounded away from 1 then the limit in (12) exists and is independent of x0.
This is the situation for a standard time-independent IFS iteration. In this
short section we will examine what changes for our context.

The case where
∑

n an <∞
In the case where

∑
n an <∞, it turns out that wσ̂(x) does depend on x (unlike

the “usual” case where the maps are all contractive), but it is jointly continuous
on ΣN × X.

Proposition 5. Suppose that
∑
n an <∞. Then the address map wσ̂(x) exists

and depends continuously on both x and σ. In fact, wσ̂n converges uniformly to
wσ̂ over ΣN × X.

Proof. We first deal with the existence of the limit. As in the proof of proposition
2 we have

d(x,wnσn ◦ w
n+1
σn+1

◦ · · · ◦ wmσm(x)) ≤ c
m∑
i=n

ai.

This implies that for m > n

d(wσ̂n(x), wσ̂m(x)) ≤ c
m∑

i=n+1

ai

for any σ ∈ ΣN and x ∈ X, which yields that {wσ̂n(x)} is a Cauchy sequence.
Thus wσ̂n(x) → wσ̂(x) for any x and σ ∈ ΣN. Notice that this argument
also shows that functions wσ̂n converge uniformly in both σ and x (since the
estimates are independent of both the choice of x and σ). Finally, since wσ̂n is
jointly continuous in x and σ for any n, so is the uniform limit.

12



To understand the dependence on x in the “address map” it is useful to have
the simple example from the introduction in mind. In that case, for any fixed
σ ∈ ΣN the address map is a non-constant affine function from [0, 1] to itself.

Proposition 6. If
∑
n an = ∞ then the address map wσ̂(x) exists and does

not depend on x ∈ X. In addition, wσ̂n converges uniformly to wσ̂ over ΣN.

Proof. Since wσ̂n(x) ∈ Xσ̂n for any x, we see that since

diam(Xσ̂n) ≤ diam(X)

n∏
i=1

(1− ai)→ 0

in this case, if the limit for wσ̂(x) exists, it cannot depend on x. However, the
limit does indeed exist since X

σ̂n+1 ⊂ Xσ̂n . Since
∏
n(1− an)→ 0 there is some

n so diam(Xσ̂n) < ε for any ε > 0; this shows the uniform convergence.

We now turn to a brief discussion of the backwards process Ẑn defined as

Ẑn := wσ̂n(Z0),

where Z0 is a random variable in X distributed like θ0 and σ ∈ ΣN is chosen
according to the probabilities pi . From propositions 5 and 6 we see that Ẑn al-
ways converges. When

∑
n an <∞ the limit depends on the initial distribution

θ0 while when
∑
n an =∞ the limit does not.
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[14] Stenflo, Ö., “Ergodic theorems for time-dependent random iteration of
functions”, Fractals and beyond, pp. 129-136, World Sci. Publ., River
Edge, NJ, 1998.
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