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Abstract. We provide several constructions of self-affine probability measures on the unit square with uniform
marginals. These constructions include and extend constructions of previous authors and are parameterized in a

natural way. In addition, for each different construction we determine the dimension of the parameter space and
thus the level of flexibility (for instance, for approximation purposes) each construction allows. Finally, we give some

simple approximation results showing how to approximate any measure with uniform marginals on the unit square

with a fractal measure resulting from one of our constructions.

Iterated function systems, self-affine measures, uniform marginals, copulas

1. Introduction

Bivariate distributions can be described using the two marginal distributions along with a copula. The copula en-
codes the dependence structure of the two components by using the cumulative distribution function of a distribution
with uniform marginals. This disentangles the marginal distributions from the “dependence structure.”

Copulas have recently become quite important in modeling financial risk where the dependence between several
factors is of crucial importance. In this area, it is necessary to fit a multivariate dependence model to data given
some idea of the marginals and some (generally weak) information about their dependence. To do this one needs
models of copulas, most often parametric families. A relatively new alternative is to consider copulas with a fractal
structure [5, 6, 1]. These papers construct copulas with fractal support and investigate some of their properties
(both geometric and probabilistic).

Instead of using a copula, the dependence structure can also be encoded by using a probability distribution
(measure) with uniform marginals and we take this approach. Our first construction, using “product partitions,” of
such measures was also implicitly used by the previous authors (in the context of constructing the associated copula).
We repeat this construction to establish notation and as a starting point for the other more general constructions.
We also provide a count of the number of free parameters (dimension of the solution space) for all the constructions,
which was not previously done. The next construction is based on a partition of [0, 1]2 into blocks that is not a
“product partition.” The conditions necessary to obtain uniform marginals are more complicated in this situation and
analyzing the number of free parameters is also more difficult. In section 4, we provide a “Markovian” construction.
This construction is related to so-called “graph-directed” (see [8]) or “recurrent” (see [3]) IFS and results in “locally”
self-affine measures with uniform marginals. Finally, we close with some comments on some further directions for
generalizations and possible avenues for future exploration.

2. Mathematical Preliminaries

We first need to remind the reader of some of the basics in the theory of iterated function systems with probabilities.
For a more complete introduction, see [7, Chapter 2]. An iterated function system with probabilities (IFSP) on a
complete metric space X is a collection of self-maps wi : X→ X, i = 1, 2, . . . , N , along with associated probabilities
pi. Corresponding to an IFSP is a Markov operator M acting on the set of all Borel probability measures µ ∈ P(X)
and defined by

(1) Mµ(B) =
∑
i

piµ(w−1
i (B)),

for an arbitrary Borel set B. Using the notation µ
¬
A for the restriction measure defined by (µ

¬
A)(B) = µ(A∩B),

we see that Mµ
¬
wi(X) is a “distorted” (by wi) and scaled (by pi) version of µ. Thus any fixed point of M as defined

by (1) will be “fractal” in the sense of consisting of a combination of “smaller” copies of itself.
The convergence of the iterates of M is usually analyzed with the help of the Monge-Kantorovich metric on P(X):

(2) dMK(µ, ν) = sup

{∫
X
f d(µ− ν) : f : X→ R, |f(x)− f(y)| ≤ d(x, y)

}
.
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In general, dMK might be infinite (e.g., X = R, µ is a point-mass at 0 and ν is a Cauchy random variable) so it
is necessary to place restrictions on the collection of measures. For our purposes, it is enough to consider compact
spaces X, in which case dMK(µ, ν) ≤ diam(X) and the space P(X) is also compact.

If wi has Lipschitz constant ci, then M is Lipschitz (in the Monge-Kantorovich metric) with factor no greater than∑
i pici. When

∑
i pici < 1, we say that the IFSP is average contractive and, by the contraction mapping theorem,

M has a unique fixed point µ̂, the invariant distribution.
Throughout the rest of the paper we take X = [0, 1]2, and so X is compact. The extension to [0, 1]d for d > 2 is

straightforward.

3. Basic construction

We start with a collection of closed rectangular blocksBi ⊂ [0, 1]2 such that ∪iBi = [0, 1]2 and int(Bi)∩int(Bj) = ∅
for i 6= j. For each i, the map wi : [0, 1]2 → Bi is set to be affine with wi(0, 0) being the lower left-hand corner of
Bi and wi(1, 1) being the upper right-hand corner of Bi. The aim is to choose probabilities pi so that the invariant
measure of {wi, pi} has uniform marginals. We wish to decide when this is possible and determine the dimensionality
of the collection of pi for which it is possible.

Let Pu ⊂ P([0, 1]2) be those Borel probability measures with uniform marginals. The idea behind our construction
(and the constructions of previous authors) is to choose the probabilities, pi, in such a way that M : Pu → Pu. This
ensures that the invariant measure, µ̂, of M will belong to Pu. In fact, the conditions that we derive are necessary
and sufficient for µ̂ ∈ Pu.

It is worthwhile to notice that if M1 and M2 both map Pu to itself, then so does λM1 +(1−λ)M2 for any λ ∈ [0, 1].
Thus the set of all M which map Pu to itself is a convex set.

Strictly speaking the collection of blocks {Bi} is not a partition of [0, 1]2 since the boundaries can intersect.
However, to avoid cumbersome language we will refer to any collection of closed rectangular blocks Bi which cover
[0, 1]2 and have disjoint interiours as a partition of [0, 1]2. We will assume throughout that both side lengths of each
block are strictly less than one which ensures that the maps wi are all contractive.

The restrictions we have placed on the maps wi (in particular, the fact that the linear part is diagonal) implies
that the IFSP {wi, pi} on [0, 1]2 induces an IFSP in both the horizontal and vertical directions. Thus the bivariate
IFSP induces two IFSPs on the marginals. For instance, for any Borel B ⊂ [0, 1], we have

(Mµ)x(B) = Mµ(B × [0, 1]) =
∑
i

piµ(w−1
i (B × [0, 1])) =

∑
i

piµ((wi)
−1
x (B)× [0, 1]) =

∑
i

piµx((wi)
−1
x (B)),

where (wi)x is the horizontal part of the affine map wi : [0, 1]2 → Bi. Thus the marginal distributions of the fractal
measure µ̂ are also fractal.

3.1. Product partitions. We first consider the case of a “product partition,” that is, a partition of [0, 1]2 which
is derived from two partitions of [0, 1]. An example is illustrated in Figure 1. Suppose that the partition in
the horizontal direction is given as 0 = x0 < x1 < · · · < xn = 1 and along the vertical direction is given as
0 = y0 < y1 < · · · < ym = 1. Set si = xi − xi−1 for i = 1, 2, . . . , n and tj = yj − yj−1 for j = 1, 2, . . . ,m. This
partition gives a collection of contractions, wi,j : [0, 1]2 → Bi,j , defined by

wi,j(x, y) = (six+ xi−1, tjy + yj−1), for i = 1, 2, . . . , n, j = 1, 2, . . . ,m.

We will set the probability associated with the map wi,j to be pi,j . In order for the induced operator M to map Pu
to itself, we need

(3)

m∑
j=1

pi,j = si, for i = 1, 2, . . . , n and

n∑
i=1

pi,j = tj , for j = 1, 2, . . . ,m.

Notice that
∑
i,j pi,j =

∑n
i=1 si =

∑m
j=1 tj = 1, and if pi,j are non-negative and satisfy (3), then they will be a

collection of probabilities. To understand (3), consider the situation as shown in the second image in Figure 1. In
this situation, we have chosen a, b with y2 < a < b < y3. Then if µ has uniform marginals,

Mµ([0, 1]×[a, b]) =

5∑
i=1

pi,3µ(w−1
i,3 ([0, 1]×[a, b])) =

5∑
i=1

pi,3µ

(
[0, 1]× [

a− y2

t3
,
b− y2

t3
]

)
=

5∑
j=1

pi,3
b− a
t3

=
b− a
t3

5∑
i=1

pi,3.

Thus in order to ensure that Mµ([0, 1]× [a, b]) = b− a, we need
∑5
i=1 pi,3 = t3, which is one instance of the second

condition in (3). In particular, this argument shows that (3) are necessary and sufficient for M : Pu → Pu which
then implies that µ̂ ∈ Pu. On the other hand, if the conditions (3) are not satisfied, then it is clear that Mµ̂ /∈ Pu
(since µ̂ has uniform marginals), which is a contradiction. Thus (3) are necessary and sufficient for µ̂ ∈ Pu. Notice
that we get one condition for every “row” and every “column” of blocks. In deriving the conditions (3) we need only
consider “strips” which are completely contained in one row or column.

Intuitively, the conditions in (3) specify that the matrix P = (pi,j) describes a type of discrete distribution with
uniform marginals. The IFS then carries this structure recursively down the size scales.
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p1,4 p2,4 p3,4 p4,4 p5,4

p1,3 p2,3 p3,3 p4,3 p5,3

p1,2 p2,2 p3,2 p4,2 p5,2

p1,1 p2,1 p3,1 p4,1 p5,1

Figure 1. Product partition and derivation of conditions (3).

If pi,j = 0 for any given i, j, then there will be a “hole” in the support of µ̂, which will then be duplicated down all
scales. In this way it is easy to construct bivariate measures with fractal support but which have uniform marginals.

Structure of solution space. Setting pi,j = sitj , we see that there is always at least one solution to (3). This choice
of probabilities will yield the uniform distribution as the invariant distribution, so we call this solution the trivial
solution. One then naturally wonders if there always exist other (non-trivial) solutions. For product partitions with
both m,n ≥ 2, it is easy to see that the answer is yes. First, there are mn variables, the pi,j , but only m + n
equations in (3). However, since

∑
i si = 1 =

∑
j tj , there is at least one redundant equation. We can see that there

are exactly (n − 1) × (m − 1) free variables since we can independently set the values of pi,j for 1 ≤ i ≤ n − 1 and
1 ≤ j ≤ m− 1 and then set pn,j and pi,m, for j = 1, . . . ,m and i = 1, . . . , n, to satisfy (3).

Thus, the solution space to (3) is an (n− 1)× (m− 1) dimensional compact and convex set. We can think of this
solution space either as a subset of Rnm (the space of parameters pi,j) or as a subset of the set of Markov operators;
either way we get a compact and convex set.

A particularly nice special case is when m = n and si = ti = 1/n. The conditions given in (3) on the probabilities
simplify to requiring that the matrix P is a doubly stochastic matrix scaled by 1/n. In this situation, the extreme
points of the compact convex set of solutions are those matrices P which have exactly one non-zero entry in every
row and column (and so are multiples of permutation matrices).

The special case of product partitions was done by previous authors (not including the dimension results); our
next two constructions in sections 3.2 and 4 are novel.

3.2. Non-product partitions. One can also consider partitions of [0, 1]2 into blocks which do not arise as a product
of two partitions. The closed rectangular blocks Bi, i = 1, 2, . . . , N , simply form a covering of [0, 1]2 and have disjoint
interiours. We associate the probability pi with block Bi and let M be the associated Markov operator. The first
image in Figure 2 illustrates a typical non-product partition.

The conditions necessary for M to map Pu to itself are more complicated to describe and depend in an essential
way on the details of the particular partition. Thus it is more involved to give a general form of these equations.
The idea behind these conditions is the same as in the case of product partitions. They are more complicated only
because there are more ways in which a strip may overlap with the blocks. The second image in Figure 2 illustrates
all the different “horizontal” conditions for the given partition.

p1 p2

p3

p4

p5
p6

p7 p8

p9
p10

Figure 2. Non-product partition and illustration of the “horizontal” conditions

Let Bi = Ii × Ji, so that Ii and Ji are closed subintervals of [0, 1]. We will use |I| to denote the length of the
interval I. Then for any [a, b] ⊂ [0, 1] we require

(4)

N∑
i=1

pi
|[a, b] ∩ Ii|
|Ii|

= b− a and

N∑
i=1

pi
|[a, b] ∩ Ji|
|Ji|

= b− a.
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These conditions are just a slight restatement of the requirement that M map Pu to itself. In a specific situation, a
much nicer set of conditions can be obtained. As an example, for the partition illustrated in Figure 2, the “horizontal”
conditions are

p1/t1 + p2/t2 = 1 p3/t3 + p4/t4 + p5/t5 + p6/t6 = 1
p3/t3 + p7/t7 + p5/t5 + p6/t6 = 1 p3/t3 + p7/t7 + p8/t8 + p6/t6 = 1
p9/t9 + p7/t7 + p8/t8 + p6/t6 = 1 p9/t9 + p10/t10 + p6/t6 = 1,

where tj = |Jj | is the vertical size of Bj . Each equation comes from a different “horizontal strip” which runs through
a distinct set of blocks Bi.

In fact, these strips are easy to find. For any subset S ⊆ {1, 2, . . . , N}, the intersection JS := ∩i∈SJi is either
empty or a closed interval. Clearly if S ⊆ S′ then JS′ ⊆ JS , and thus there exists a collection of maximal sets
S ∈ Λv, some indexing set, which correspond to minimal intervals JS with each |JS | > 0. It is also clear that this
collection forms a covering of [0, 1] with two elements intersecting only at their endpoints if at all. Our interest in
this collection is that the horizontal equations are in direct correspondence with JS for S ∈ Λv. In a similar way
there is a collection IS for S ∈ Λh which give all the “vertical strips”. Using these collections, we can re-write the
conditions on pi as

(5)
∑
i∈S

pi
|Ji|

= 1 for all S ∈ Λv, and
∑
i∈S

pi
|Ii|

= 1 for all S ∈ Λh.

As an example, for the partition illustrated in Figure 2), we have

Λv =
{
{1, 2}, {3, 4, 5, 6}, {3, 7, 5, 6}, {3, 7, 8, 6}, {9, 7, 8, 6}, {9, 10, 6}

}
,

and

Λh =
{
{1, 3, 9}, {1, 4, 7, 10}, {2, 4, 7, 10}, {2, 5, 8, 10}, {2, 6}

}
,

and so in total there are eleven equations.

Structure of solution space. Again, there is always at least one solution to these conditions since the uniform distri-
bution can be obtained by setting pi to be equal to the area of Bi. However, unlike the case of product partitions,
other (non-trivial) solutions do not always exist. The example illustrated in Figure 2 has only the trivial solution.

Proposition 1. There are at least 2
√
N equations for any partition with N blocks.

Proof. Let V = {p1, p2, . . . , pN} be the collection of variables and Ri ⊂ V for i = 1, . . . , k be the set of variables
which are involved in the ith “row” equation. Obviously Ri 6= Rj for i 6= j and V = ∪iRi, so the Ri cover V . This
means (kmaxi |Ri|) ≥

∑
i |Ri| ≥ N . Furthermore, if pm, pn ∈ Ri then pn and pm have to be in different “column”

equations. Thus,

# equations = # row equations + # column equations
= k + # column equations

≥ N

maxi |Ri|
+ max

i
|Ri|.

For N fixed, this last expression is minimized when k = |Ri| =
√
N for each i. �

An example which yields the minimum number of equations is an n × n product partition. This n × n grid has
the largest possible number of free parameters for a given number of blocks.

The gap between the smallest possible number of equations and the largest possible number of equations for a
given number of blocks is quite wide, however.

Theorem 1. For a non-product partition with N blocks, there are at most N linearly independent equations.

Proof. Given a partition Bi of [0, 1]2, we can construct this partition in stages by drawing “lines” that subdivide
regions which have been previously constructed. This process is illustrated for a simple partition in Figure 3. A
line segment which will eventually end at a line segment which has not yet been drawn is temporarily extended
(indicated in the figure by a dashed line). A line segment cannot cross any other line segment; instead we draw two
separate line segments (and count them as separate).

We note that each additional line segment splits exactly one region and thus adds exactly one new variable. If the
new line segment is not collinear with a previously drawn line segment, it also adds one equation. If it is collinear
with a previously drawn line segment, the number of equations remains unchanged.

In this way, we see that in order to obtain N blocks (and thus N variables), we must have drawn N − 1 line
segments. Since we start with 2 equations, this means that we end with at most N + 1 equations. We now show
that there is at least one linear dependence relation among the equations.
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Figure 3. Counting the number of free variables for non-product partitions

We claim that there is some linear combination of the “horizontal” equations which yields the equation p1 + p2 +
· · ·+ pN = 1. From (5) and the definition of JS for S ∈ Λv, it is simple to see that

(6) |JS | =
∑
i

pi
|JS ∩ Ji|
|Ji|

= |JS |
∑
i

pi
|Ji|

εi,

where εi = 1 if JS ⊆ Ji and εi = 0 otherwise. Summing over S ∈ Λv we get

1 =
∑
S

|JS | =
∑
S

|JS |
∑
i

pi
|Ji|

εi =
∑
i

pi

(∑
S

|JS |
|Ji|

εi

)
=
∑
i

pi,

since Ji =
⋃
{JS : JS ⊆ Ji}. Clearly the same argument works for the vertical equations, and thus a linear

combination of the horizontal equations equals a linear combination of the vertical equations. �

As a corollary we obtain a lower bound on the dimension of the set of solutions. This lower bound is nothing
more than the number of variables minus the number of equations, but the interest lies in the fact that it is simple
to count the number of equations in (5) as |Λh|+ |Λv|. We take the notation from the proof of Theorem 1.

Corollary 1. The dimension of the solution space to (5) (and thus the number of linearly independent non-product
Markov operators M which map Pu to itself) is at least

N − |Λh| − |Λv|+ 1.

We conjecture that the actual dimension of the solution space to (5) is N − |Λh| − |Λv|+ 1, but have not proved
this in general. One approach to solving this might be to note that any partition {Bi} is refined by the product
partition {IS × JT : S ∈ Λh, T ∈ Λv}. Then the partition {Bi} is obtained by “merging” blocks from the related
product partition, which provides linear equations relating the variables in the “merged” blocks. These equations
are in addition to those for the product partition. However it is a bit complicated to untangle the dependencies for
the resulting system.

The next result is geometrically intuitive but stating it precisely requires some care. To do so, we first define
a distance between partitions with the same number of blocks. For N ∈ N, we use S(N) to denote the set of all
permutations of {1, 2, 3, . . . , N}. Let Γ = {Bi} and Γ′ = {B′i} be two partitions of [0, 1]2 with N blocks each. Then
we define

(7) d(Γ,Γ′) = d({Bi}, {B′i}) = min
π∈S(N)

max
1≤i≤N

dH(Bi, B
′
π(i)),

where dH is the Hausdorff distance between compact sets. It is easy to see that d(Γ,Γ′) = 0 iff Γ = Γ′ and
d(Γ,Γ′) = d(Γ′,Γ). For the triangle inequality, let {Bi}, {B′i} and {B′′i } be three partitions all with N blocks. Let
β, γ ∈ S(N) be such that

d({Bi}, {B′′i }) = max
i
dH(Bi, B

′′
β(i)) and d({B′′i }, {B′i}) = max

i
dH(B′′i , B

′
γ(i)).

Then

d(Γ,Γ′′) + d(Γ′′,Γ′) = max
i
dH(Bi, B

′′
β(i)) + max

i
dH(B′′i , B

′
γ(i))

= max
i
dH(Bi, B

′′
β(i)) + max

j
dH(B′′β(j), B

′
γ(β(j)))

≥ max
j

[
dH(Bj , B

′′
β(j)) + dH(B′′β(j), B

′
γ(β(j)))

]
≥ max

j
dH(Bj , B

′
γ(β(j)))

≥ min
π∈S(N)

max
i
dH(Bi, B

′
π(i)) = d(Γ,Γ′).

Thus d is a metric on the collection of partitions of [0, 1]2 into N blocks.

Proposition 2. The set of partitions of [0, 1]2 into N blocks with N + 1 equations is open and dense in the set of
all partitions of [0, 1]2 into N blocks.
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Proof. We show that if {Bi} is such a partition, then any sufficiently small perturbation of the partition will preserve
this property. On the other hand, if {Bi} is a partition with N blocks but fewer than N + 1 equations, then there
is an arbitrarily close partition {B′i} which has the same number of blocks but N + 1 equations.

Let {Bi} have N blocks and N + 1 equations, so |Λh|+ |Λv| = N + 1. Define

ε =
1

4

(
min (min{|IS | : S ∈ Λh}, min{|JT | : T ∈ Λv})

)
.

Let {B′i} be a partition of [0, 1]2 into N blocks with d({Bi}, {B′i}) < ε. By re-indexing if necessary, we assume
that the minimizing π ∈ S(N) is the identity. Choose S ⊂ {1, 2, . . . , N} and let [a, b] = JS (so, in particular,
we assume that JS is not empty). Then dH(Bi, B

′
i) < ε for all i ∈ S and thus dH(Ji, J

′
i) < ε for all i ∈ S. Let

F = {y ∈ JS : a + ε < y < b − ε}. Then since dH(Ji, J
′
i) < ε and JS ⊆ Ji we know that F ⊆ J ′i for all i ∈ S. But

this means that ∅ 6= F ⊆ ∩iJ ′i = J ′S . In particular, for any S ⊂ {1, 2, . . . , N} then ∅ 6= JS if and only if ∅ 6= J ′S .
However, this means that Λv = Λ′v. A similar argument shows that Λh = Λ′h and so the two partitions {Bi} and
{B′i} have the same number of equations.

Now take any partition Γ = {Bi} of [0, 1]2 into N blocks and assume that the number of equations for this
partition is smaller than N + 1. Then, by the argument for the first part of Theorem 1, there must be at least two
line segments L and L1 in the construction of Γ that are collinear; with no loss of generality we assume that these
line segments are horizontal. Let y be the vertical position of these two lines. Notice that L must terminate on both
sides in a vertical line which continues both below and above L. This means that L forms the entire top boundary
for some collection of blocks and the entire bottom boundary for some other collection of blocks. Call these blocks
Bi for i ∈ S ⊂ {1, 2, . . . , N}.

There exists an ε > 0 so that no other horizontal line has a vertical position that is within a vertical distance of
ε from y but is different from y. We obtain the partition Γ′ = {B′i} by maintaining the position of every line except
L, which we perturb by some distance δ < ε (either up or down, it makes no difference) to obtain the new line L′.
This means that any Bi for i /∈ S remains unchanged and is thus an element of Γ′, i.e. B′i = Bi for i /∈ S. For
i ∈ S, the only difference between Bi and B′i is the top (or perhaps bottom, but not both) boundary which is now
L′ rather than L. In particular dH(Bi, B

′
i) = δ < ε. Thus d({Bi}, {B′i}) = δ < ε. Finally, since L′ and L1 are not

collinear, we obtain one new equation and so the partition {B′i} has one more equation than {Bi}.
The preceding argument can be repeated until we produce a partition Γ′′ with N + 1 equations. Since δ ∈ (0, ε)

is arbitrary at each step, we can ensure that d(Γ,Γ′′) is arbitrarily small. �

Unfortunately, what this means is that “most” non-product partitions allow only the uniform distribution as a
self-affine distribution with uniform marginals.

3.3. Techniques for modifying a self-affine distribution with uniform marginals. Given a partition {Bi}
and a set of probabilities, pi, there are some simple operations we can perform to modify the resulting operator M
and thus get a wider range of constructable fractal measures from Pu.

The simplest operation is to replace a block Bi with a partition Γi of Bi, thus refining the original partition to
obtain a new partition Γ′ of [0, 1]2. There are two choices of how to find probabilities for Γ′. First, we could solve
the full set of constraints (5) for Γ′. Alternatively, we could solve a modified form of (5) for probabilities qj for Γi,
but where we insist that, instead of uniform marginals, we obtain scaled uniform marginals with scaling pi. This just
multiplies the right-hand sides of (5) by pi. This second method is certainly simpler than solving the full equations
for Γ, but usually results in a smaller class of solutions.

Another operation is simply to take two different operators M1 and M2, corresponding to two different partitions
Γ1 and Γ2, and compose them as M1 ◦M2. This method is related to the first in that, in effect, what we are doing
is refining each block of Γ1 by using an affine copy of the partition Γ2.

A completely different type of modification is to add a so-called “condensation measure” ([7, pg 72] and [4] under
a different name). We convert the operator M from a linear operator to an affine operator. To do this, choose any
θ ∈ Pu and λ ∈ (0, 1). Then define the modified operator

(8) M̃(µ) = λM(µ) + (1− λ)θ.

The fixed point of M̃ is (1− λ)
∑
n≥0 λ

nMn(θ) and thus contains reduced copies of θ at all scales. A natural choice
of θ would be the fixed point of some other fractal Markov operator T. In this case, to compute the fixed point of
(8), we iterate the system (

θn+1

µn+1

)
=

(
T 0

1− λ λM

)(
θn
µn

)
,

and θn → θ and µn converges to the fixed point of (8) (also see [4]).
Finally, we can also take a convex combination of two Markov operators M1 and M2. If the partitions for these

operators are the same, then the result will just be another Markov operator based on the same partition but whose
probabilities are the convex combinations of those of M1 and M2. However, if the partitions are not the same, then
the result is another IFSP on [0, 1]2 with uniform marginals, but where the mappings are overlapping, so the analysis
of its behaviour is more complicated. In particular, there is no simple relationship between the invariant measure
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for λM1 + (1 − λ)M2 and the invariant measures for M1 and M2. This is clear, as it is just a case of the general
problem of the eigenvector of a sum versus the eigenvectors of the summands.

3.4. Code space interpretation. Using the so-called “code space” and “address map” often gives additional
insight into IFS constructions and the present situation is no exception. Given a partition {Bi} and the affine maps
wi : [0, 1]2 → Bi, for i = 1, 2, . . . , N , we define the alphabet Σ = {1, 2, . . . , N}, the code space ΣN = {1, 2, . . . , N}N,
and the address map w : ΣN → [0, 1]2 by

(9) w(σ) = lim
n→∞

wσ1
◦ wσ2

◦ · · · ◦ wσn((0, 0)).

Since all the wi are contractive, the limit in (9) exists and is independent of the starting point, the point (0, 0) in the
above definition. Let Π be the product probability measure defined on ΣN by setting Π(σn = i) = pi for each i and
n. Then it is a standard result that the invariant distribution µ̂ of the operator M is also equal to the push-forward
by w of Π. That is for any Borel set A ⊆ [0, 1]2,

(10) µ(A) = Π(w−1(A)).

The simplest way to see (10) is by using the ith shift maps τi : ΣN → ΣN given by τi(σ) = (i, σ1, σ2, σ3, . . .). Then
we have the commutative diagram

(11)

ΣN ΣN
τi

w

[0, 1]2 [0, 1]2
wi

w

Thus the invariance of µ̂ under the operator M is mirrored by a similar invariance of Π on the code space. In
particular, the measure Π is induced by an i.i.d. sequence of random variables, one on each factor of ΣN, and thus
satisfies the invariance Π(τi(A)) = pi Π(A) and, more suggestively,

Π(A) =
∑
i

pi Π(τ−1
i (A)).

Other parallels between µ̂ and Π also follow from (11). For σ ∈ Σn, we define

wσ(x) = wσ1
◦ wσ2

◦ · · · ◦ wσn(x), Bσ = wσ([0, 1]2), pσ = pσ1
pσ2
· · · pσn ,

and
ΣN
σ = {α ∈ ΣN : α1 = σ1, α2 = σ2, . . . , αn = σn}.

Then we see that w(ΣN
σ) = Bσ and µ̂(Bσ) = pσ = Π(ΣN

σ). Notice that µ̂
¬
Bσ = pσµ̂ ◦ w−1

σ , and thus the restriction
of µ̂ to any nth level block Bσ has marginals which are “scaled uniform” with scaling pσ. What this means is if
Bσ = I × J and I × [a, b] ⊂ Bσ is a horizontal strip which spans the width of Bσ, then µ̂(I × [a, b]) = pσ (b− a)/|J |,
with a similar statement for vertical strips.

From this standpoint, the special feature of a product partition is that then we can write the code space as a
product as well. Suppose that Bi,j = Ii × Jj is a product partition of [0, 1]2, where {Ii}, i = 1, 2, . . . , n and {Jj},
j = 1, 2, . . . ,m, are two partitions of [0, 1]. Then

Σ = {(i, j) : 1 ≤ i ≤ n, 1 ≤ j ≤ m} = {1, 2, . . . , n} × {1, 2, . . . ,m} = Σh × Σv

and thus ΣN = ΣN
h×ΣN

v . In the case of a non-product partition, no such simplification is possible. However, in either
case the measure on ΣN is a product measure and thus the structure of µ̂ is the same at all size scales. This leads
one to consider types of “stationary” distributions on ΣN which are different from i.i.d. (that is, product) measures.
In the next section, we consider a Markovian distribution, which corresponds to a graph-directed IFSP construction
on [0, 1]2 (though we do not frame it in this way).

4. Markovian construction

To construct a Markovian measure on ΣN, we start with an “initial” probability distribution π on Σ = {1, 2, . . . , N}
and an N ×N transition matrix P . We want to construct an operator on Pu whose fixed point corresponds to the
probability measure Π on ΣN which is given by

(12) Π(ΣN
σ) = πσ1

pσ1,σ2
pσ2,σ3

· · · pσn−1,σn ,

so the probability of symbol n only depends on the symbol n− 1. To motivate our construction, suppose we have a
measure µn that is defined on the algebra generated by the sets ΣN

σ for σ ∈ Σn and which satisfies (12) and we wish
to define a measure µn+1. We see that

µn+1(σ1σ2 . . . σnσn+1) = µn(σ1σ2 . . . σn)pσn,σn+1

=
(
πσ1

pσ1,σ2
pσ2,σ3

· · · pσn−1,σn

)
pσn,σn+1
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= pσ1,σ2

(
πσ1

pσ2,σ3
· · · pσn−1,σnpσn,σn+1

)
=

(
πσ1

πσ2

)
pσ1,σ2

(
πσ2pσ2,σ3 · · · pσn−1,σnpσn,σn+1

)
=

(
πσ1

πσ2

)
pσ1,σ2

µn(σ2σ3 . . . σnσn+1).(13)

To begin with the definition, choose a partition {Bi} of [0, 1]2 into N blocks, probabilities πi for these blocks, and
an N × N row-stochastic matrix P . As before, let wi : [0, 1]2 → Bi be affine and surjective. Since the iteration in
(13) depends on the first two symbols of σ (because the coefficient (

πσ1
πσ2

)pσ1,σ2
depends on these two symbols), our

operator needs to be defined differently on each block. This should be contrasted with the operator defined in (1)
where the iteration only depends on the first symbol in σ. To this end, we let wi,j = wi|Bj , the restriction of wi to
Bj . For example, in the situation illustrated in Figure 4, w3,1 maps B1 into the part of B3 with the label ‘31’.

Define

(14) Mµ =
∑
i,j

πi
πj
pi,j µ ◦ w−1

i,j .

The first image in Figure 4 shows the blocks Bi and the second also shows the blocks B3,i = w3(Bi). The blocks
B3,i form a partition of B3 into N blocks and this partition is simply an affine image of the partition Bi of [0, 1]2.
Block Bi,j corresponds with those words σ ∈ ΣN with σ1 = i and σ2 = j. Since the probability that σ2 = i depends
on σ1 under Π, it is necessary to know from which block you are mapping and thus necessary to use the maps wi,j
in the definition (14) of M. Thus M is a “local” IFSP, so the invariant measure of M (assuming it has one) will not
be self-affine but only “locally” self-affine.

1

5

2

3

4

6

31
33

32

34

35
36

Figure 4. Block adresses

Let

Pπ = {µ ∈ P([0, 1]2) : µ(Bi) = πi, µ
¬
Bi has uniform marginals scaled by πi}.

For any ν ∈ Pπ and 1 ≤ j ≤ N , we have

ν((∪i 6=jBi) ∩Bj) = ν(∪i 6=jBi) + ν(Bj)− ν(∪iBi) ≤
∑
i 6=j

πi + πj − 1 = 0.

Thus ν(Bi ∩Bj) = 0 if i 6= j, so the blocks are measure disjoint.
We will find conditions under which our operator will map Pu ∩Pπ to itself. It is easy to see that M maps Pπ to

itself, since

Mµ(Bk) =
∑
i

∑
j

πi
πj
pi,jµ ◦ (wi|Bj )−1(Bk) =

∑
j

πk
πj
pk,jµ(Bk) = πk

∑
j

pk,j = πk.

In order for M to map Pπ ∩ Pu to itself, we need to impose conditions on both π and on P . The requirements are
very similar.

Condition A (Markovian condition).

(1) The probabilities πi should be such that the operator Tν =
∑
i πiν ◦ w

−1
i maps Pu to itself, and

(2) the matrix P should be such that, for each i, the operator Tν =
∑
j pi,j ν ◦ w

−1
j maps Pu to itself.

The probabilities πi specify the resulting probabilities of the blocks Bi. Assuming that each block Bi has scaled
uniform marginals with scaling πi, the first condition is necessary to obtain uniform marginals on [0, 1]2. The second
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condition is necessary for M to preserve πi-scaled uniform marginals on each block Bi and thus to map Pπ to itself.
To see this, take a vertical strip Ik × [a, b] ⊂ wk([0, 1]× JS), for some S ∈ Λv. Then

Mµ(Ik × [a, b]) =
∑
i

∑
j

πi
πj
pi,jµ(w−1

i,j (Ik × [a, b])) = πk
∑
j∈S

pk,j
πj

(
(b− a)πj
|Jk||Jj |

)
=

(b− a)πk
|Jk|

∑
j∈S

pk,j
|Jj |

.

If (Mµ)
¬
Bk is to have πk-scaled uniform marginals, this should equal to (b − a)πk/|Jk|. From this we get the

condition

(15)
∑
j∈S

pk,j
|Jj |

= 1,

which is an instance of (2) from the Condition A above.
If π is not the invariant distribution for P , (i.e., πT 6= πTP ), then the measure Π on ΣN given by (12) is not

stationary, so the probability that a given symbol will appear in position n changes as a function of n. However, as
n→∞, we do have that Π(σn = i)→ θi where θ is the invariant distribution of P .

While it might seem overly restrictive to require scaled uniform marginals in the definition of Pπ, this is no more
restrictive than the case of self-affine measures. In that case, the self-affine structure results in all the blocks Bσ
having pσ-scaled uniform marginals.

Structure of solution space. Again we know that we always have at least one valid choice of π and P and this choice
results in the uniform distribution. In this case we set πi to be the area of block Bi and then set pi,j to be the area
of wi(Bj). Notice that this results in the matrix P having identical rows.

It is easy to determine the dimension of the solution space for a given partition Γ of [0, 1]2 into N blocks. We
have N2 + N variables (the N components of π and the N ×N entries in the matrix P ). Let M = |Λh| + |Λv| be
the number of equations generated from (1) of Condition A. Then in total there are (N + 1)M equations, so the
dimension of the solution space is at least (N + 1)(N + 1 −M). However, it is possible that M = N + 1 and then
there are no non-trivial solutions. As before, product partitions maximize the number of free parameters.

If we wish the probability measure given by (12) to be stationary, we need π to be the stationary distribution for
P . This imposes an additional N − 1 conditions and might be impossible to attain. An example that works is the
matrix

P =



1
5

3
10

3
10

1
5

1
8

3
8

3
8

1
8

5
24

7
24

7
24

5
24

2
15

11
30

11
30

2
15


along with π = (1/6, 1/3, 1/3, 1/6) and the blocks B1 = [0, 1/2]× [0, 1/2], B2 = [1/2, 1]× [0, 1/2], B3 = [0, 1/2]×
[1/2, 1] and B4 = [1/2, 1]× [1/2, 1].

Assuming that π is a valid choice that satisfies 1) of Condition A, then it is always possible to set pi,j = πj and
this will clearly satisfy 2) and also clearly we will have πTP = πT , so π will be the stationary distribution for P .
This choice results in an i.i.d. distribution on ΣN, so is in some sense a degenerate solution. On the other hand, we
see that there is always at least one solution for any fixed choice of π.

Product partitions allow for the maximum number of free parameters and are thus simpler. For an L × M
product partition, there are LM(LM + 1) variables and (L+M)(LM + 1)− 2 equations which gives a dimension of
(LM + 1)(LM − L−M)− 2 for the solution space. An L× L uniform product partition is the simplest case since,
in this case, we set π to be uniform and the additional requirement for stationarity is that the matrix P be doubly
stochastic.

Existence and uniqueness of µ̂. The operator M we defined in (14) lies a bit outside the standard construction of
Markov operators for IFSP and thus we need to prove the existence and uniqueness of its invariant measure.

Theorem 2. The operator M defined in (14) has a unique fixed point µ̂ and, for any µ ∈ Pπ, we have Mnµ→ µ̂ in
the Monge-Kantorovich metric.

Proof. Using standard arguments there exists a probability measure µ̂ supported on [0, 1]2 with µ̂(Bσ) = pσ for all
σ ∈ Σn and for any n. We show that µ̂ is the unique attractive fixed point of M.

For any compact metric space X and q > 0, the Monge-Kantorovich metric as defined in (2) also works as a metric
for the space Mq(X) = {qµ : µ ∈ P(X)}. Furthermore, it is straightforward to show that dMK(µ, ν) ≤ q diam(X)
for any µ, ν ∈Mq(X). To simplify our notation, for σ ∈ Σn, for the Markovian case we (re-)define

pσ = πσ1
pσ1,σ2

pσ2,σ3
· · · pσn−1,σn .
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By the definition of the operator M given in Equation (14), for any ν ∈ Pπ we have

M(ν)(w`(Bk)) =
∑
i,j

πi
πj
pi,j ν ◦ w−1

i,j (w`(Bk)) =
π`
πk
p`,k ν(Bk) = π`p`,k,

and thus M(ν)(Bσ) = pσ for σ ∈ Σ2. Notice that ν(w−1
i,j (w`(Bk))) = 0 if i 6= k and ` 6= i since ν(Bn ∩ Bm) = 0 for

n 6= m. By a simple induction we see that for all n and all σ ∈ Σn we have

(16) Mn(ν)(Bσ) = pσ

and thus we have Mn(ν)
¬
Bσ ∈Mpσ (Bσ).

Let s = maxi{|Ii|, |Ji|} < 1, where Bi = Ii × Ji, so that s is the maximum of the contraction factors of the affine
maps wi. Take ν ∈ Pπ, then

dMK(µ̂,Mnν) ≤
∑
σ∈Σn

dMK(µ̂
¬
Bσ,Mn(ν)

¬
Bσ) ≤

∑
σ∈Σn

pσs
n
√

2 = sn
√

2.

Thus, Mnν → µ̂ in the Monge-Kantorovich metric, and thus also weakly. In addition, we see that

M(µ̂)(Bσ) =
∑
i,j

πi
πj
pi,j µ̂ ◦ w−1

i,j (Bσ) =
πσ1

πσ2

pσ1,σ2
µ̂(Bσ2,σ3,σ4,...,σn) =

πσ1

πσ2

pσ1,σ2

(
πσ2

pσ2,σ3
· · · pσn−1σn

)
= pσ.

Since this is true for any n and any σ ∈ Σn, we have that Mµ̂ = µ̂. �

Generalizations. There are many ways of varying the construction of the operator (14) to broaden the class of
constructible measures. Of course, all the methods suggested previously for the operator (1) can also be applied
here, such as composing two operators M1 and M2, or taking a convex combination λM1 + (1 − λ)M2, or using a
condensation measure θ as in (8).

A simple way which is more specific to the operator (14) is to use a different partition Γi of each Bi instead of
using the partition {wi(Bj)}. As long as the number of blocks in Γi is the same as the number of blocks Bj , for all
i, this does not significantly change the construction but does result in a significant change in the geometry of the
resulting invariant measure.

The operator defined in this section gives a Markovian process on ΣN. We could, of course, generalize this to an
order-T Markov chain based on a block partition Bi with maps wi. In this case, we would choose probabilities πi
for i = 1, . . . , NT for all the T th order blocks Bσ, σ ∈ ΣT in such a way as to have the operator

Tν =
∑
σ∈Σn

πσν ◦ w−1
σ

preserve uniform marginals. Then we would have a T -dimensional array P = (pα), α ∈ ΣT+1, which specifies the
transition probabilities Prob(σn = αT+1|σn−T = α1, σn−T+1 = α2, . . . , σn−1 = αT ). The consistency equations
become more complicated but not in any essential way. Taking this idea to the limit of T → ∞ gives a completely
arbitrary probability distribution on ΣN and its associated measure on [0, 1]2. Of course this scheme usually does
not result in anything which could reasonably be called fractal.

It is also possible to loosen the restriction that the blocks Bi have scaled uniform marginals, though the conditions
under which this is possible are considerably more delicate than those given in Condition A. As an example, for
the partition given by the blocks B1 = [0, 1/2] × [0, 1/2], B2 = [1/2, 1] × [0, 1/2], B3 = [0, 1/2] × [1/2, 1] and
B4 = [1/2, 1]× [1/2, 1] and the uniform distribution π = (1/4, 1/4, 1/4, 1/4), the matrix

P =



1
4

1
4

1
4

1
4

1
4 + a 1

4 − a
1
4

1
4

1
4 + b 1

4
1
4 − b

1
4

1
4 − a− b

1
4 + a 1

4 + b 1
4


will give an operator (14) which has a fixed point with uniform marginals. This will work for any choice of a, b that
results in all the entries of P being non-negative. None of the blocks Bi will have scaled uniform marginals under
this limiting distribution.

5. Simple approximation results

In this section we give a very simple result dealing with approximation of an element τ ∈ Pu by a fractal measure µ̂.
For simplicity we deal with the case of a self-affine measure and thus with the operator M defined in (1) and discussed
in Sections 3.1 or 3.2. Since the non-product partition case is more general, we concentrate on this construction.
Similar results will clearly hold for the Markovian case discussed in Section 4.



FRACTAL MEASURES WITH UNIFORM MARGINALS 11

Let τ ∈ Pu be the “target measure” that we wish to approximate. Given a block partition Bi of [0, 1]2, it is natural
to set the probability pi of Bi to be equal to τ(Bi). However, there is no reason to believe that such a choice results
in an operator M which satisfies the necessary conditions (5) (though for a product partition it does). It is also not
clear that such a choice gives the best approximation. Let τn = E(τ |Σn) be the projection of τ onto the algebra
generated by the nth level blocks, Bσ for σ ∈ Σn. Our strategy is to choose pi to optimize dMK(τn,Mn$), where
$ is the uniform distribution; we match, as closely as possible, two piecewise constant distributions. Of course, for
each n the choice of the optimal values of pi could change. We show that in the limit this procedure leads to a choice
of pi which minimizes dMK(τ, µ̂).

Theorem 3. Let {Bi} be a partition of [0, 1]2 into N blocks, let τ ∈ Pu be fixed, and let $ be the uniform distribution
on [0, 1]2. For each n ∈ N, choose {pni } to minimize dMK(Mn$, τn), where τn = E(τ |Σn). Then any cluster point
of {pni } is a minimizer of inf{pi} dMK(τ, µ̂{pi}).

Proof. First we use Lemma 1 with M = M, P = {(p1, p2, . . . , pN ) : pi satisfies (5)} ⊂ RN and X = Pu. Both P and

X are compact and metric and M : P×X → X is jointly continuous. We finish by observing that dMK(τ, τn) ≤ sn
√

2
and so ∣∣∣∣ inf

{pi}
dMK(Mn

{pi}$, τn)− inf
{pi}

dMK(Mn
{pi}$, τ)

∣∣∣∣ ≤ sn√2.

Thus, asymptotically there is no difference between matching τn or τ . �

Lemma 1. Suppose that X and P are compact metric spaces and M : P × X → X is continuous with Mp :=
M(p, ·) : X → X a contraction with contractivity s < 1 uniformly in p ∈ P . Let µp ∈ X be the fixed point of Mp.
Choose x ∈ X and define the sequence of sets Cn ⊂ X by

Cn = {Mn
p (x) : p ∈ P} and C∞ = {µp : p ∈ P}.

Then dH(Cn, C∞) ≤ sndiam(X). Furthermore, if y ∈ X is fixed,

inf{d(y, θ) : θ ∈ Cn} → inf{d(y, θ) : θ ∈ C∞}.
In addition, if θn ∈ Cn is such that d(θn, y) = inf{d(y, θ) : θ ∈ Cn} then any convergent subsequence of θn converges
to a minimizer of {d(y, θ) : θ ∈ C∞}.

Proof. First note that since M is continuous, Cn is compact for each n. Furthermore, C is also compact since the
fixed point is a continuous function of the parameter.

For any fixed p ∈ P , we see that d(Mn
p (x), µp) ≤ snd(x, µp) ≤ sndiam(X). Thus

inf
α∈C∞

d(Mn
p (x), α) ≤ sndiam(X) ⇒ sup

β∈Cn

inf
α∈C∞

d(α, β) ≤ sndiam(X).

and this means that dH(Cn, C∞) ≤ sndiam(X), as claimed.
Let ρn = inf{d(θ, y) : θ ∈ Cn} and ρ = inf{d(θ, y) : θ ∈ C∞} = inf{d(µp, y) : p ∈ P}. Since Cn and C are

compact, there are pn, p̂ ∈ P with ρn = d(y,Mn
pn(x)) and ρ = d(y, µp̂). Then we have

ρn ≤ d(y,Mn
p̂ (x)) ≤ d(y, µp̂) + d(µp̂,M

n
p̂ (x)) ≤ ρ+ sndiam(X)

and

ρ ≤ d(y, µpn) ≤ d(y,Mn
pn(x)) + d(Mn

pn(x), µpn) ≤ ρn + sndiam(X)

and thus |ρn − ρ| ≤ sndiam(X) and so ρn → ρ. Finally, this also shows that if θnk is a subsequence so that
d(θnk , y) = ρnk and θnk → θ then d(θ, y) = ρ = limk ρnk = limn ρn and so θ is a minimizer as claimed. �

6. Further generalizations and closing comments

There are several possible directions for generalizing the constructions we present. First, the uniform distribution
on [0, 1] is self-similar and can be replaced by any other self-similar distributions on the two margins. That is,
one can fix two self-similar distributions α and β as the margins and investigate constructions which yield fractal
measures on [0, 1]2 with these given marginals.

Consider the IFSP {ui, si} for i = 1, 2, . . . , N on [0, 1] with invariant measure α and the IFSP {vj , tj} for
j = 1, 2, . . . ,M on [0, 1] with invariant measure β. For simplicity, we suppose that both ui and vj satisfy

int(ui([0, 1]) ∩ ui′([0, 1])) = ∅ = int(vj([0, 1]) ∩ vj′([0, 1]))

for i 6= i′ and j 6= j′.

Let P be any m× n matrix with non-negative entries such that
∑N
i=1 pi,j = tj for all j and

∑M
j=1 pi,j = si for all

i. Further, define wi,j(x, y) = (ui(x), vj(y)). Let µ be the invariant measure on [0, 1]2 for the IFSP {wi,j , pi,j}. We
claim that µx = α and µy = β. To see this let A ⊂ ui([0, 1]). Then

µx(A) = µ(A× [0, 1]) =

m∑
j=1

pi,jµ(u−1
i (A)× [0, 1])
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= µ(u−1
i (A)× [0, 1])

∑
j

pi,j = si µ(u−1
i (A)× [0, 1])

= si µx ◦ u−1
i (A).

But this means that µx satisfies the invariance under the IFSP {ui, si} and thus we must have µx = α. The same
argument works to show µy = β.

The case where one or both of the IFSs {ui} or {vj} has overlaps is not much more complicated. However, this
construction yields a product IFS on [0, 1]2; obtaining conditions for a non-product IFSP on [0, 1]2 that gives the
two desired self-similar marginals is considerably more difficult.

Clearly it is also straightforward to extend all these constructions to [0, 1]d for d > 2. The details become more
involved but not essentially any more difficult.
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