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Abstract

In this paper we provide an extension of the classical Chaos game for
IFSP. The paper is divided into two parts: in the first one, we discuss how
to determine the integral with respect to a measure which is a combination
of a self-similar measure from an IFSP along with a density given by an
IFSM. In the second part, we prove a version of the Ergodic Theorem for
the integration of a continuous multifunction with respect to the invariant
measure of an IFSP. These results are in line with some recent extensions
of IFS theory to multifunctions.

1 Introduction

Since the introduction of the classical definition of Iterated Function Systems
(IFSs) a large amount of work has been devoted to providing an efficient algo-
rithm to determine its attractor. With this regard the Chaos Game algorithm
probably represents the most important result: it allows one to compute in-
tegrals with respect to the invariant measure of an IFS with probabilities (or
IFSP) by considering the average value along any particular trajectory of an
easily defined random dynamical system. From a mathematical point of view,
it can be considered an extension of the classical Ergodic Theorem. In this
paper we aim to extend the Chaos game to the case of multifunctions.

The use of multifunctions in fractal analysis and fractal image coding is quite
recent (see [17], [18]). According to the classical IFS theory, an image can be
modeled either as an Lp function or as a probability measure. The motivations
behind these two different constructions is quite intuitive. When a function-
based representation is used, at each pixel in the domain the function assigns
the color corresponding to that pixel. When this can not be done with precision
because pixel colors are subject to noise and distortions, it is more convenient
to use a measure-based approach which assigns the averaged color of a given
block of pixels. In [13], [17], and [18], we illustrated the advantages of using the
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notion of multifunction in image analysis; through this formalism it is possible
to describe in a unique framework possible uncertainty or noise on the color of
a pixel. The easiest way to do this consists of assigning to any pixel an interval
of possible values; from a statistical perspective this corresponds to providing
an interval of possible outcomes for the random variable that describes the
color of that pixel; the lower and upper values describe the range of possible
color variations. This interval-valued formulation leads quite naturally to using
multifunctions. Similar considerations justify the introduction of multimeasures.
Bearing this in mind, it is quite natural to try to extend the Chaos Game
algorithm to the case of multifunctions and multimeasures. In this paper we
conduct the analysis for the multifunction case while we leave the multimeasure
extension for a future work.

The paper is organized as follows. Section 2 is dedicated to refreshing the
basic formalism of IFS and its variants. In Section 2 we also prove two new
results involving IFS on functions and multifunctions where we assume only
average conctractivity. In Section 3 we provide an extension of the chaos game
for fractal measures with fractal densities, while Section 4 is devoted to proving
the convergence of the Chaos game algorithm for multifunctions.

2 Iterated Function Systems and their general-
izations

2.1 Geometric IFS

An (geometric) IFS is a finite collection of contractive maps {wi : 1 ≤ i ≤ N}
which are defined on a complete metric space (X, d). This collection of maps wi
leads to the introduction of a mapping Ŵ (B) := ∪iwi(B) which is defined on
the set of all non-empty compact subsets of H(X). If one places on H(X) the
Hausdorff distance dH defined as

dH(A,B) = max{sup
u∈A

inf
v∈B

d(u, v), sup
u∈B

inf
v∈A

d(u, v)}, (1)

then Ŵ is contractive in the Hausdorff metric with fixed point A, which is called
the attractor of the IFS. Thus, the existence and uniqueness of the attractor is
a simple consequence of the Contraction Mapping theorem and it is the unique
non-empty compact set A ⊂ X which satisfies the generalized self-similarity
condition

A =
⋃
i

wi(A). (2)

This means that

Ŵn(B) =
⋃
{wσ1

◦wσ2
◦· · ·◦wσn(B) : all sequences σi ∈ {1, 2, . . . , N}}
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will converge to the attractor A for any initial compact set B. Since A is
compact, this also means that the set

closure

B ∪ ⋃
n≥1

Ŵn(B)

 ⊂ X (3)

is also compact (we use this fact later in the proof of Theorem 4.4). For more
details about IFS we refer the reader to [3, 9, 15].

We pause here to comment on the use of the Contraction Mapping theorem as
the fixed point theorem. It is certainly possible to use other fixed point theorems
to guarantee the existence of a fixed point. However, the Contraction Mapping
theorem has the benefit of ensuring geometric convergence of the iterates, which
is very useful in practical situations. In addition, this fast convergence simplifies
considerations involving Cesàro means, for example in considerations involving
the Ergodic theorem.

2.2 IFS with probabilities

An Iterated Function System with Probabilities (IFSP) consists of the above
collection of IFS maps wi together with an associated set of probabilities pi. An
IFSP induces a Markov operator on the set of all Borel probability measures
B(X) on X whose action is given by

Mν(B) =
∑
i

piν(w−1
i (B)), (4)

where ν is a Borel probability measure on X and B is an arbitrary Borel subset
of X. Let M(X) denote the set of all Borel probability measures on X and
define the Monge-Kantorovich metric by

dMK(µ, ν) = sup
f∈Lip1

[∫
fdµ−

∫
fdν

]
. (5)

It is possible to prove that (M(X), dMK) is a complete metric space.

Definition 2.1. We say that the IFSP {wi, pi} is contractive on the average if∑
i pisi < 1, where si is the contractivity factor of the map wi.

This average contractivity condition on the IFSP is sufficient to ensure that
the Markov operator M is contractive. The resulting unique fixed point of M
is called the attractor of the IFSP (for more on IFSP see [3, 9, 15]).

The Ergodic Theorem for IFSP, proved by Elton (the theorem in [7] or
theorem 3 in [8]), is the result which underlies the Chaos game. To describe
the Chaos game, let x0 ∈ X be arbitrary. For each n, choose σn ∈ {1, 2, . . . , N}
according to the probabilities pi. Having chosen σn, we define xn+1 = wσn(xn).
Then for any bounded continuous function f on X we have

1

n

∑
i≤n

f(xi)
n−→
∫
X
f(x) dµ(x), for almost all sequences σn,
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where µ is the invariant probability measure associated with the IFSP. One ma-
jor difference between the Ergodic Theorem for IFSP and the classical Ergodic
Theorem is the fact that the Chaos game converges to the integral for any ini-
tial x0 ∈ X. In the classical Ergodic Theorem one only has the conclusion for
µ almost all x0 ∈ X. To be fair, however, the Chaos game converges only for
almost all sequences σn.

2.3 Simple consequences of average contractivity

We now make some observations, which will be very useful later in this paper,
about IFSP which are average contractive.

Let Λ = {0, 1, . . . , N}∞ be the code space associated with a given average
contractive IFSP {wi, pi} on X and denote by P the product probability on Λ
induced by {pi} on each factor. Now,

d(wσ1 ◦ wσ2 ◦ · · · ◦ wσn(x), wσ1 ◦ wσ2 ◦ · · · ◦ wσn(y) ≤ sσ1sσ2 · · · sσnd(x, y)

and for any τ >
∑
i pisi we have

P(sσ1sσ2 · · · sσn > τn) = P(
1

n

n∑
i=1

ln(sσi) > ln(τ)).

Let ξ the the discrete random variable given by Pr(ξ = ln(si)) = pi. Then since
{wi, pi} is contractive on average, we have E(ξ) =

∑
i pi ln(si) < 0. Thus, by

Cramèr’s Theorem (see [6, page 5]) applied to the random variable ξ, for any
κ < 1 there is a 0 < γ < 1 so that for all n ∈ N

P{d(wσ1 ◦wσ2 ◦· · ·◦wσn(x), wσ1 ◦wσ2 ◦· · ·◦wσn(y)) ≤ κnd(x, y)} ≥ 1−γn. (6)

This means that there is a set Θ ⊆ Λ with P(Θ) = 1 such that the address
map aw : Θ → X is well-defined. Usually aw(Λ) = A ⊂ X is the attractor of
the geometric IFS {wi}. In our case, aw(Θ) is a subset of X of full µ-measure.
However, the “full” geometric attractor might not be well-defined.

2.4 IFS on functions

To define an IFS on maps (IFSM) and set-valued maps (multifunctions), we
start with a geometric IFS {wi} and Lipschitz maps φi : R → R, and then we
define the action of the corresponding IFSM operator on functions f : X → R
by (see [12])

T (f)(x) =
∑
i

φi(f(w−1
i (x))), (7)

with the understanding that, in the sum, we skip those i for which x /∈ wi(X).
This defines an operator T : Lp(X)→ Lp(X) and, under appropriate conditions
on wi and φi, T will be contractive and thus have a unique fixed point, the
attractor of this IFSM.
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We will need contractivity in L∞(X, µ), so we give a result which ensures
this contractivity. As we will only be interested in the case where the geometric
IFS {wi} is non-overlapping, we restrict to this case.

Proposition 2.2. Suppose that {wi, pi} for i = 1, 2, . . . , N is a non-overlapping
IFSP on X which is contractive. Suppose further that {φi, pi} is an IFSP on R
which is contractive on average. Let µ be the invariant measure of {wi, pi} on
X. Define the IFSM operator T as in (7).

Then T has a unique fixed point ψ in L∞(X, µ). Furthermore, for any g ∈
L∞(X,R) we have Tn(g)→ ψ in L∞(X, µ).

Proof. By the comments above in section 2.3, since both {wi, pi} and {φi, pi}
are average contractive, there is a set Θ ⊂ Λ with P(Θ) = 1 and such that the
two address maps aw : Λ → X and aφ : Θ → R are well-defined. We define the
function ψ : X→ R by

ψ(x) =

{
0, if x /∈ aw(Θ)
aφ(σ), if x = aw(σ).

For x = aw(σ) = aw( σ1, σ2, σ3, . . . ), we have ψ(x) = aφ(σ) = aφ( σ1, σ2, σ3, . . . ).
In addition, we have w−1

i (x) = aw( σ2, σ3, . . . ) and φi(ψ(w−1
i (x))) = aφ( σ2, σ3, . . . ).

This means that

ψ(x) = aφ( σ1, σ2, σ3, . . . ) = φi(ψ(w−1
i (x)))

and so ψ(x) = T (ψ)(x) for µ-almost all x ∈ X.
Next we show that Tn(g)→ ψ in L∞(X, µ) for any g ∈ L∞(X, µ). Since we

assumed that wi(A) ∩ wj(A) = ∅ for i 6= j (where A = aw(Λ) is the geometric
attractor), we know that w−1

i (x) only makes sense if x ∈ wi(X). Furthermore,
since µ(A) = 1, we can restrict attention to x ∈ wi(A). Now,

Tn(g)(x) =
∑

σ1,σ2,...,σn∈{1,2,...,N}

φσn ◦ · · ·φσ1
◦ g(w−1

σ1
◦ · · · ◦ w−1

σn (x)), (8)

where the sum is over all possible choices σ1, σ2, . . . , σn ∈ {1, 2, . . . , N}. Because
the IFS maps wi are disjoint, for any fixed x ∈ A there is only one term in the
sum from (8) which is relevant. In particular, this is the choice of σi so that
x ∈ wσ1

◦ · · · ◦ wσn(A). We have

φσn ◦· · ·◦φσ1 ◦g(w−1
σ1
◦· · ·◦w−1

σn (x)) = (φσn ◦· · ·◦φσ1)◦g◦(wσn ◦· · ·◦wσ1)−1(x).

Thus for x = aw(σ) = aw( σ1, σ2, . . . , σn, σn+1, . . . )

Tn(g)(x) = (φσn ◦ · · · ◦ φσ1
) ◦ g(aw( σn+1, σn+2, . . . )) (9)

and

ψ(x) = Tn(ψ)(x) = (φσn ◦ · · · ◦ φσ1
) ◦ ψ(aw( σn+1, σn+2, . . . )). (10)

However, then by (6) applied to {φi, pi} we have the desired result for σ ∈ Θ.
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We note that because we assume that the IFS {wi} is disjoint, the proof
of Proposition 2.2 applies to the much more general situation of an IFS on
functions f : X→ Y where both X and Y are complete metric spaces, {wi, pi} is
a contractive IFS on X and {φi, pi} is an average contractive IFS on Y. In this
case, choosing f0 : X→ Y to be any function, we can define an IFS operator on
such functions by

T (f)(x) =

{
φi(f(w−1

i (x))), if x ∈ wi(A)
f0(x), if x /∈ wi(A) for any i.

Then the proof of Proposition 2.2 shows that there is a unique fixed function
ψ : X → Y and for any g : X → Y we have Tn(g) → ψ “uniformly µ-almost
everywhere”. We will use this observation in the next section.

2.5 IFS on set-valued functions

An IFS on multifunctions is defined in a similar way as IFS on functions (see
[17]). Define Kc by

Kc = {C ⊂ Rd : ∅ 6= C is compact and convex}. (11)

For us, a multifunction (or set-valued function) will always be a function F :
X → Kc, so that F (x) is a non-empty compact and convex subset of Rd for
each x ∈ X. There are several different complete metrics one can place on Kc,
including Lp type metrics and the Hausdorff metric. We will use the Hausdorff
metric.

Given the geometric IFS {wi} and, in addition, the linear maps αi : Rd → Rd
and a fixed multifunction F0 : X→ Kc, we define the IFS operator

T (F )(x) =
∑
i

αi(F (w−1
i (x))) + F0(x), (12)

where again we skip those i for which x /∈ wi(X). As before, under suitable
conditions on wi and αi, we obtain a contraction and a unique fixed point for
T . In this case, the fixed point is a self-similar multifunction.

We will again only use the situation where the IFS {wi} is non-overlapping.
Proposition 2.2 can easily be extended to the more general situation of IFS on
multifunctions.

Proposition 2.3. Suppose that {wi, pi} for i = 1, 2, . . . , N is a non-overlapping
IFSP on X which is contractive. Suppose further that αi : Rd → Rd are linear
maps with

∑
i pi‖ai‖ < 1. Let µ be the invariant measure of {wi, pi} on X and

let F0 : X → Kc be a fixed multifunction. Let T be the IFS operator defined in
(12).

Then T has a unique fixed point Ψ in L∞(X,Kc, µ). Furthermore, for any
g ∈ L∞(X,Kc, µ) we have Tn(g)→ Ψ in L∞(X,Kc, µ).
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Proof. First we see that the summation in the definition of T is unnecessary
since each point x is in only one wi(A). Thus, we can rewrite the definition of
T as

T (F )(x) =

{
αi(F (w−1

i (x)) + F0(x), if x ∈ wi(A)
F0(x), if x /∈ wi(A) for any i.

(13)

Now we use the observation immediately after the proof of Proposition 2.2 to
see that the conclusion holds.

Example 2.4. Take X = [0, 1], w1(x) = x/2, w2(x) = x/2 + 1/2 so that the
attractor of {w1, w2} is [0, 1]. For simplicity we will choose p1 = p2 = 1/2. Let
θ1 = 0 and θ2 = 1/100 so that θ2/π is irrational. We use these two angles to
define the two linear transformations α1, α2 : R2 → R2 by setting αi to be a
rotation around the origin by an angle of θi followed by a uniform scaling with
scaling factor 1/2. Finally, let the multifunction F0 : [0, 1] ⇒ R2 be defined by
F0(x) = [−1, 1]2 for all x ∈ [0, 1].

This data defines an IFS operator T on multifunctions as in (12). The fixed
point multifunction Ψ of this operator is rather difficult to describe precisely.
For any x, the compact and convex set Ψ(x) is an infinite sum of reduced and
rotated copies of [−1, 1]2. The precise rotation of each term in the sum depends
in an intricate way on the binary expansion of x ∈ [0, 1]. Since the multiples of
1/100 are dense in [0, 2π), the set Ψ(x) has no “corners”.

To conclude this brief review of IFS formulations and extensions, it is worth
recalling that in previous work Chaos games have been constructed for rendering
the attractor of an IFSM (see [12]) and for performing both a wavelet analysis
of an arbitrary L2 function and rendering an approximation to an arbitrary L2

function via wavelet synthesis (see [19]).

3 Chaos game for fractal measures with fractal
densities

As announced in the introduction, the Chaos game was originally conceived to
produce an image of the attractor of the IFS (see [3]), as the support of µ is the
attractor so plotting each xn in turn will produce a sequence of approximations
to the attractor which converge (in the Hausdorff distance). The image would
seem to appear as if from a cloud of smoke, since the first few iterations produce
scattered points with no particular structure. The aim of this section is to extend
the Chaos game to measures ν of the form

ν(B) =

∫
B

ψ(x) dµ(x),

where µ is the attractor of the IFS with probabilities {wi, pi} on X and ψ is the
attractor of the IFSM {wi, φi}. We assume that wi(X) ∩ wj(X) = ∅ for i 6= j
and that each φi : R→ R is contractive. This implies that there is some M > 0
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with |ψ(x)| ≤ M for all x ∈ X. Throughout the paper we make the standing
assumption that X is a locally compact, separable and complete metric space.

Theorem 3.1. Suppose that {wi, pi} is a contractive IFSP on X and {φi, pi}
is an average contractive IFSP on R. Let x0 ∈ X, y0 ∈ R and suppose that
f : X → R is bounded and continuous. Let σn ∈ {1, 2, . . . , N} be a sequence
of independent and identically distributed random variables which are chosen
according to the probabilities {pi} and define xn+1 = wσn(xn) and yn+1 =
φσn(yn).

Then for all choices of x0 ∈ X and all y0 ∈ R and P-a.e. σ we have that

lim
n

1/n
∑
i≤n

yif(xi) =

∫
X
f(x)dν(x) =

∫
X
f(x)ψ(x)dµ(x).

Proof. As in (6), with except for a set of exponentially vanishing probability we
have

|φσn ◦ φσn−1
◦ · · · ◦ φσ1

(y0)− φσn ◦ φσn−1
◦ · · · ◦ φσ1

(z0)| ≤ κn |y0 − z0| → 0

for any y0, z0 ∈ R. Thus without loss of generality we assume that y0 = ψ(x0),
and notice that

yn+1 = φσn(yn) = φσn(ψ(xn)) = ψ(xn+1).

The set Ω = X× R equipped with the metric

d( (x1, y1), (x2, y2) ) = d(x1, x2) + |y1 − y2|

is complete and locally compact. If we define the functions Fi : Ω → Ω as
Fi(x, y) = (wi(x), φi(y)), then the IFS {Fi, pi} is average contractive on Ω.
Take ξ : Ω→ R defined as

ξ(x, y) =

 yf(x), if |y| ≤ 2M
−2Mf(x), if y < −2M
2Mf(x), if y > 2M .

(14)

Let A ⊂ X be the attractor of {wi} and η be the invariant measure of {Fi, pi}
on Ω. Then, as before, there is a set Θ ⊆ Λ with P(Θ) = 1 where the address
map aφ : Θ→ X is well-defined. Define

∆ = {(x, ψ(x)) : x ∈ aw(Θ)}. (15)

It is easy to see that η(∆) = 1, η projects from ∆ onto the measure µ on
aw(Θ) ⊆ A ⊂ X, and µ(A \ aw(Θ)) = 0. Notice that ξ(x, y) = yf(x) for any
(x, y) ∈ ∆.

Let z0 = (x0, y0) ∈ Ω and consider the random sequence zn+1 = Fσn(zn) =
(xn+1, yn+1). Using Elton’s Theorem, we obtain

1/n
∑
i≤n

yif(xi) = 1/n
∑
i≤n

ξ(xi, yi) = 1/n
∑
i≤n

ξ(zi)
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→
∫

Ω

ξ(z) dθ(z) =

∫
X
f(x)ψ(x) dµ(x)

which proves the theorem.

Remark 3.2. If one has a (finite) measure ν of the form

ν(B) =

∫
B

θ(x) dµ(x),

where θ is any bounded function in L1(X, µ), it is simple to see that

1

n

∑
i≤n

f(xi)θ(xi)→
∫
X
f(x)θ(x) dµ(x) =

∫
X
f(x) dν(x)

for all bounded continuous f .
The advantage of using a fractal density is that the IFSM maps φi automat-

ically give the value of the density at any point.

It is not possible, in general, to allow the IFS maps wi to overlap.

Example 3.3. Let X = [0, 1], w0(x) = 2x/3 and w1(x) = 2x/3 + 1/3 with
p0 = p1 = 1/2, and φ0(t) = 1 and φ1(t) = 1. Choose the function f(x) = 1.
Then clearly φ0, φ1 are contractive and ψ(x) = χ[0,1/3] + 2χ[1/3,2/3] + χ[2/3,1]

is the fixed point of the IFSM operator. The invariant measure µ of the IFSP
is symmetric, so µ([0, 1/2]) = µ([1/2, 1]) = 1/2. Using the invariance of µ, we
compute that∫ 1

0

f(x)ψ(x) dµ(x) = µ([0, 1/3]) + 2µ([1/3, 2/3]) + µ([2/3, 1])

= p0(µ([0, 1/2]) + 2µ([1/2, 1])) + p1(2µ([0, 1/2]) + µ([1/2, 1]))
= 3/2.

However, yn = 1 whatever the choice of σn and thus ynf(xn) = 1 for all n and
so the average along the trajectory is 1 as well.

The problem with having an overlap is that if xn is in the region of overlap
(so that there are at least two different addresses for xn), then it is generally
not true that yn = ψ(xn). We see this in the Example 3.3 where ψ(x) = 2 for
any x in the overlap but yn = 1 always.

4 Chaos game for multifunctions

In this section we aim at extending the Chaos game to set-valued functions and
IFS on set-valued functions. More precisely, if F : X ⇒ Rd is a multifunction
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which takes values in Kc, the space of all non-empty compact and convex subsets
of Rd, we aim at computing ∫

X
F (x) dµ(x)

via a Chaos Game algorithm. The above integral has to be understood in the
Aumann sense (see [2]), that is∫

X
F (x)dµ(x) =

{∫
X
f(x)dµ(x) : f ∈ L1(X, µ), f(x) ∈ F (x) for µ-a.e. x ∈ X

}
.

Continuity of a multifunction F is defined using the Hausdorff distance on the
range. If there is a compact set K ⊂ Rd with F (x) ⊆ K for all x then F is
bounded. The support function of a compact and convex set K is the function
supp(·,K) : Rd → R defined by

supp(q,K) = sup
k∈K

q · k.

Because supp(λq,K) = λ supp(q,K) for λ ≥ 0, the support function is clearly
defined by its values on Sd−1 = {y ∈ Rd : ‖y‖ = 1}. A compact and convex K
may be recovered from its support function as

K =
⋂

q∈Sd−1

{z ∈ Rd : z · q ≤ supp(q,K)}.

The norm of a set K ∈ Kc is defined as ‖K‖ = sup{‖x‖ : x ∈ K}. For more
properties of multifunction we refer to [2].

Before proving our main results, we slightly modify the usual ergodic theorem
for the case of continuous multifunctions.

Proposition 4.1. Let {wi, pi} be an average contractive IFSP on X. Choose
x0 ∈ X and define xn+1 = wσn(xn), with σn ∈ {1, 2, . . . , N} being independent
and identically distributed random variables chosen according to {pi}. Finally,
let F : X→ Kc be any bounded continuous multifunction and q ∈ Sd−1 be fixed.

Then for any choice of x0 and P-a.e. σ, we have that

lim
n

supp

q, (1/n)
∑
i≤n

F (xi)

 = supp

(
q,

∫
X
F (x) dµ(x)

)
.

Proof. Classical properties of the support function supp imply that

supp

q, 1/n∑
i≤n

F (xi)

 = 1/n
∑
i≤n

supp(q, F (xi))

and

supp

(
q,

∫
X
F (x) dµ(x)

)
=

∫
X

supp(q, F (x)) dµ(x).
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On the other hand, the continuity and the boundedness of F imply that x 7→
supp(p, F (x)) is continuous and bounded for all p. We can now apply Elton’s
Ergodic theorem for IFSP [7], which leads to

lim
n

supp

q, 1/n∑
i≤n

F (xi)

 = lim
n

1/n
∑
i≤n

supp(q, F (xi))

=

∫
X

supp(q, F (x)) dµ(x)

= supp

(
q,

∫
X
F (x) dµ(x)

)
for P-a.e. σ, as desired.

Now we would like to use the above result to conclude that the sequence of
compact and convex sets 1/n

∑
i≤n F (xi) converges to the compact and convex

set
∫
X F (x) dµ(x). The issue is that for each q ∈ Sd−1, we have convergence

only for σ ∈ Cq where Cq is a subset of the code space Λ of full P-measure.
But then it is conceivable that P(

⋂
q Cq) < 1. The next result shows that this

cannot happen.

Theorem 4.2. Let {wi, pi} be an average contractive IFSP on X. Choose
x0 ∈ X and define xn+1 = wσn(xn), with σn ∈ {1, 2, . . . , N} being independent
and identically distributed random variables chosen according to {pi}. Finally,
let F : X→ Kc be any bounded continuous multifunction and q ∈ Sd−1 be fixed.

Then for all choices of x0 ∈ X and P-a.e. σ, the limit

lim
n

supp

q, (1/n)
∑
i≤n

F (xi)

 = supp

(
q,

∫
X
F (x) dµ(x)

)

exists and is uniform over all q ∈ Sd−1

Proof. Let us consider a countable dense subset {qm} of Sd−1 . Then for each
qm, we have a subset Cm ⊆ Λ such that for all σ ∈ Cm

lim
n

supp

qm, (1/n)
∑
i≤n

F (xi)

 = supp

(
qm,

∫
X
F (x) dµ(x)

)
(16)

and with P(Cm) = 1. Let C =
⋂
m Cm. It is trivial to prove that P(C) = 1 with

(16) holding for all qm and all σ ∈ C.
By assumption F is a bounded multifunction and so there is a a compact

and convex K ⊂ Rd with F (x) ⊂ K for all x and also a constant M > 0 with
supp(q,K) ≤M for all q ∈ Sd−1. Because K is convex, we have for all n

1/n
∑
i≤n

F (xi) ⊂ K

11



and therefore ∣∣∣∣∣∣supp

q, 1/n∑
i≤n

F (xi)

∣∣∣∣∣∣ ≤M.

On the other hand, we have ∫
X
F (x) dµ(x) ⊂ K

and ∣∣∣∣supp

(
q,

∫
X
F (x) dµ(x)

)∣∣∣∣ ≤M.

This implies that for all q and all n, the convex and bounded functions (by M ,
see [21]) given by

q 7→ supp

q, 1/n∑
i≤n

F (xi)


and

q 7→ supp

(
q,

∫
X
F (x) dµ(x)

)
are Lipschitz with factor at most M . Let us take ε > 0 and choose δ = ε/(3M)
and qm1

, qm2
, . . . , qml such that they form a δ-cover of the compact set Sd−1.

Let N large enough so that n ≥ N implies that∣∣∣∣∣∣supp

qmi , 1/n∑
i≤n

F (xi)

− supp

(
qmi ,

∫
X
F (x) dµ(x)

)∣∣∣∣∣∣ < ε/3

for i = 1, 2, . . . , l. Then for a;; n ≥ N and all q ∈ Sd−1 we have that∣∣∣∣∣∣supp

q, 1/n∑
i≤n

F (xi)

− supp

(
q,

∫
X
F (x) dµ(x)

)∣∣∣∣∣∣ ≤∣∣∣∣∣∣supp

q, 1/n∑
i≤n

F (xi)

− supp

qmi , 1/n∑
i≤n

F (xi)

∣∣∣∣∣∣+∣∣∣∣∣∣supp

qmi , 1/n∑
i≤n

F (xi)

− supp

(
qmi ,

∫
X
F (x) dµ(x)

)∣∣∣∣∣∣+∣∣∣∣supp

(
qmi ,

∫
X
F (x) dµ(x)

)
− supp

(
q,

∫
X
F (x) dµ(x)

)∣∣∣∣ <
M

ε

3M
+
ε

3
+M

ε

3M
= ε

which proves the theorem.
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The following corollary gives us the result we seek.

Corollary 4.3. Let us suppose that the hypotheses of the previous theorem are
satisfied. Then we have

1/n
∑
i≤n

F (xi)→
∫
X
F (x) dµ(x)

where the convergence is in the Hausdorff metric.

Proof. The proof is trivial and easily follows once we observe that for two com-
pact and convex sets A,B ⊂ Rd it happens

dH(A,B) = sup
q∈Sd−1

|supp(q, A)− supp(q,B)|.

The main arguments used in Theorems 3.1 and 4.2 and Proposition 4.1 can
be combined to produce a Chaos game for integrals of the form

φ(B) =

∫
B

f(x)Ψ(x) dµ(x) (17)

where f : X→ R is continuous, Ψ : X ⇒ Rd is the multifunction attractor of the
IFS on multifunctions {wi, αi, F0} from (12) and µ is the invariant probability
measure for {wi, pi}. Since we will assume that {wi} are non-overlapping, we
can reformulate this operator in a way similar to that of (13) by using

Φi(F )(x) = αiF (w−1
i (x)) + F0(x) for i = 1, 2, . . . , N.

We will assume that the fixed point multifunction Ψ is bounded. Notice that if
each αi : Rd → Rd is a linear contraction and F0 is bounded then this will be
the case. With no loss of generality, we assume that the bounding set K is of
the form K = {x ∈ Rd : ‖x‖ ≤ r} for some r > 0.

Let us choose x0 ∈ X and S0 ∈ Kc and with σn, as before, being independent
and identically distributed. Let xn+1 = wσn(xn) and Sn+1 = ασn(Sn). We aim
at proving that

1/n
∑
i≤n

f(xi)Si →
∫
X
f(x)Ψ(x) dµ(x).

We now proceed by first proving the case where the function f is non-negative.

Theorem 4.4. Let {wi, pi} be a contractive IFSP on X and {wi, αi, F0} be an
IFS on multifunctions with

∑
i pi‖αi‖ < 1. Choose x0 ∈ X, S0 ∈ Kc, and define

xn+1 = wσn(xn) and Sn+1 = Φσn(Sn) where σn ∈ {1, 2, . . . , N} is a sequence
of independent and identically distributed random variables chosen according to
the probabilities {pi}. Finally, suppose that f : X → [0,∞) is a bounded and
continuous function.

13



Then for all x0 and P-a.e. σ we have that

lim
n

1/n
∑
i≤n

Sif(xi) =

∫
X
f(x)Ψ(x)dµ(x),

where convergence is in the Hausdorff metric.

Proof. To prove this theorem we are going to use the same arguments as in the
proof of Theorem 3.1 . It is natural to try to use Ω = X × Kc, but this is not
locally compact as required by Elton’s theorem. We choose a suitable locally
compact subset of X × Kc instead. As in the proof of Theorem 3.1, there is a
subset Θ ⊆ Λ with P(Θ) = 1 and the address map aΦ : Θ → Kc exists. Notice
that Θ can be chosen to be invariant under the left shift and all the right shifts,
that is σ 7→ (i, σ), on Λ. Let Γ be the closure in Kc of the set

S0 ∪
⋃
{Φσ1

◦ Φσ2
◦ · · · ◦ Φσn(S0) : n ∈ N, σ ∈ Θ}.

This implies that Γ is a compact subset of Kc. The important feature of Γ is
that it is closed under the action of each Φi. Let Ω = X× Γ be equipped with
the metric

d( (x1, D1), (x2, D2) ) = d(x1, x2) + dH(D1, D2).

We note that Ω is locally compact, separable and complete. Define on Ω the
family of contractions Υi : Ω→ Ω specified by Υi(x,D) = (wi(x),Φi(D)). Then
the IFS {Υ, pi} is average contractive on Ω. Let A be the attractor of the IFS
{wi} on X. Then it is easy to see that the invariant measure η of {Υi, pi} is
supported on the set

∆ = {(x,Ψ(x)) : x ∈ aw(Θ)}

onto the measure µ on X. For each q ∈ Sd−1, define ξq : Ω→ R by

ξq(x,D) =

{
f(x) · supp(q,D), if D ⊂ 2K
2f(x) · supp(q,K), otherwise.

Notice that ξq is continuous and bounded for each q. It is easy to check that
for any (x,D) ∈ ∆, ξq(x,D) = f(x) · supp(q,D), since D ⊂ K. We thus obtain

supp

q, 1/n∑
i≤n

f(xi)Si

 = 1/n
∑
i≤n

f(xi)supp(q, Si) = 1/n
∑
i≤n

f(xi)supp(q,Ψ(xi))

= 1/n
∑
i≤n

ξq(xi,Ψ(xi))

→
∫

Ω

ξq(ω) dθ(ω) =

∫
X
f(x) · supp(q,Ψ(x)) dµ(x)

= supp

(
q,

∫
X
f(x) ·Ψ(x) dµ(x)

)
.
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Now by using the same idea as in the proof of Theorem 4.2, we easily get that

1/n
∑
i≤n

f(xi)Si →
∫
X
f(x) ·Ψ(x) dµ(x)

and the convergence is understood in the Hausdorff sense.

The following result follows from the previous one once we separate the sum
into the two parts corresponding to when f(xi) < 0 and when f(xi) ≥ 0.

Theorem 4.5. Let {wi, pi} be a contractive IFSP on X and {wi, αi, F0} be an
IFS on multifunctions with

∑
i pi‖αi‖ < 1. Choose x0 ∈ X, S0 ∈ Kc, and define

xn+1 = wσn(xn) and Sn+1 = Φσn(Sn) where σn ∈ {1, 2, . . . , N} is a sequence of
independent and identically distributed random variables chosen according to the
probabilities {pi}. Finally, suppose that f : X→ R is a bounded and continuous
function.

Then for all x0 and P-a.e. σ we have that

lim
n

1/n
∑
i≤n

Sif(xi) =

∫
X
f+(x)Ψ(x)dµ(x)−

∫
X
f−(x)Ψ(x)dµ(x),

where the above convergence is in the Hausdorff metric.

We now compare Theorem 4.2 and its corollary to the classical situation of
continuous functions. Corresponding to an IFSP there is a Markov operatorM
mapping probability measures to probability measures; this Markov operator
possesses an adjoint which acts on continuous functions via the duality induced
by integration, that is∫

X
f(x) dMν(x) =

∫
X
f(x) d

(∑
i

piν ◦ w−1
i

)
(x) =

∫
X

(∑
i

pif(wi(y))

)
dν(y) =

∫
X
U(f)(y) dν(y).

Clearly U maps continuous functions to continuous functions. In the case of
multifunction there is an analogous adjoint operator given by

U(F )(x) =
∑
i

piF (wi(x)).

If we denote by µ the fixed point of the Markov operator M, we have that∫
X
F (x) dµ(x) =

∑
i

pi

∫
X
F (wi(x)) dµ(x) =

∑
σ

pσ

∫
X
F (wσ(x)) dµ(x),

where the last sum is done over all σ ∈ {1, 2, . . . , N}L for finite L. Notice that
we are using the notation

pσ = pσ1
pσ2
· · · pσL , wσ = wσ1

◦ wσ2
◦ · · · ◦ wσL .
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The last sum above can be also interpreted as the integral of F with respect to
the measure

µL =
∑
σ

pσδwσ(x),

which is a finite convex combination of point masses. By construction µL con-
verges weakly to µ and so the integrals will also converge.

In this way, Theorem 4.2 and its corollary state that instead of considering
all possible finite products of the pi and all possible finite compositions of the wi
it is sufficient to take only a single infinite trajectory as long as the individual
maps are chosen correctly.

5 Some computational considerations

To determine an approximated value of the sum 1/n
∑
i F (xi) can be quite

complicated in practice. This is true even in the simplest situation in which
we assume that F (x) is a polyhedral set for each x; in fact an infinite convex
combination of polyhedral sets is not polyhedral in general. One alternative
way to approximate this sum consists of choosing a finite number of points
qj ∈ Sd−1, j = 1, 2, . . . , L, which are nicely distributed and then compute
1/n

∑
i supp(qj , F (xi)) (this is a scalar for each qj). Using these quantities we

can then construct the approximation

1/n
∑
i≤n

F (xi) ⊆
L⋂
j=1

{z ∈ Rd : z · qj ≤ 1/n
∑
i≤n

supp(qj , F (xi))}. (18)

The larger set on the right side of the above inclusion is given by the intersection
and it turns out that it is always polyhedral. Further, the higher the number of
points qj , the better the approximation. In fact, since the support function of a
compact and convex set is a convex function of the direction, it is even possible
to obtain bounds on the error in the Hausdorff distance. To see this, take the
points qj to form an ε-net on Sd−1. This means that all points on Sd−1 are
within a distance of at most ε from some qj . Since F is bounded, there is a
compact and convex set K with F (x) ⊆ K for all x. As in the above results, let
M = supp∈Sd−1 supp(p,K) which then implies that the function p 7→ supp(p,K)

defined on Sd−1 has Lipschitz factor at most M . Furthermore, all the support
functions for both the sums and for the limiting integral have Lipschitz factor
at most M . Let now p ∈ Sd−1 be arbitrary and qj be within a distance of ε
from p. Then∣∣∣∣∣∣supp(p, 1/n

∑
i≤n

F (xi))− supp(qj , 1/n
∑
i≤n

F (xi))

∣∣∣∣∣∣ ≤ εM
and thus

dH(1/n
∑
i≤n

F (xi),

L⋂
j=1

{z ∈ Rd : z · qj ≤ 1/n
∑
i≤n

supp(qj , F (xi))}) ≤ 2εM.
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The approximation from (18) is within a Hausdorff distance of 2εM from the
true set and by increasing the number of points we can make this error as small
as we wish.

Example 5.1. We continue the discussion of Example 2.4 in the context of
approximating the integral in Theorem 4.4. Since the multifunction F0 take
values in R2, we need to choose qj ∈ S1 which are “nicely distributed,” by
which we mean fairly uniformly distributed with small spacing. In this instance,
we do this by choosing qj = (2πj)/` for j = 0, 1, . . . , ` − 1 and for some large
enough ` ∈ N. We have ‖F0(x)‖ = ‖[0, 1]‖ =

√
2 for all x and thus because the

contraction factors of both αi are equal to 1/2, ‖Ψ(x)‖ ≤ 2
√

2 for any x. Thus
we have M (from the above discussion) to be M = 2.

In particular, what this means is that we keep track of ` different values
ρj , one for each direction qj . We initialize ρ0

j = supp(qj , S0). At each step the
“true” update to ρnj should be

ρn+1
j = ρnj +supp(qj , ασn(Sn)+F0(xn)) = ρnj +

1

2
supp(qj , RθσnSn)+supp(qj , [−1, 1]2),

where Rθ is a rotation of angle θ around the origin in R2. However, as we are
not storing the sets Sn but only the values ρnj , we can’t compute this update ex-
actly. In particular, we cannot compute supp(qj , RθσnSn) = supp(R−θσn qj , Sn)
exactly if σn = 2 because R−θ2qj will be in a direction “in between” the direc-
tions of two successive qi’s. Thus we have to approximate this value as well.
The support function is convex and positively homogeneous as a function of the
direction, so a linear interpolation is a reasonable first approximation. For a
given j, there is some γ(j) ∈ {0, 1, . . . , `} with

2πγ(j)

`
<

2πj

`
− 1

100
<

2π(γ(j) + 1)

`
.

The approximated update to ρnj is

ρn+1
j = ρnj +

1

2
ρnγ(j) + supp(qj , [−1, 1]2).

After some specified number of iterations L, the approximation to the integral
is given by the set ⋂̀

j=1

{x ∈ R2 : x · qj ≤ ρLj /L}.

Thus we see that the approximation is a polygon with at most ` sides.

Another alternative approach consists of approximating the functions x 7→
supp(qm, F (x)) by polynomials and then using the recursive formula for the
moments of the invariant measure for an IFS (see [4, 11]). This will give ex-
act values for the polynomials and they will then approximate the set-valued
integral. Unfortunately, extreme care must be taken with this approach since
methods based on moments are often numerically unstable and give poor results
in practice.
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